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Abstract

In this work we study the generalized Oresme numbers using the algebraic properties of
the Fibonacci fundamental system associated with this sequence. We explicitly describe
the closed connection between the sequences of the Fibonacci fundamental system and
the generalized Oresme numbers. In addition, the matrix approach is considered for
studying the combinatorial identities and the generalized Cassini identity for the ge-
neralized Oresme numbers. Finally, the analytic representation is established, and the
combinatorial and analytical generalized Cassini identity is given.

Keywords: Generalized sequence of numbers; Fibonacci fundamental system; combi-
natorial identities; the Cassini identity.

1 Introduction

A numerical sequence is a set of numbers that follows a specific pattern or rule. Whether
you are a math enthusiast or just curious about numbers, sequences offer a captiva-
ting journey of patterns, trends, and infinite possibilities. From the famous Fibonacci
sequence to Pell, Lucas, Jacobsthal, Padovan, and Perrin numbers, along with their
generalizations, numerous sets of number sequences have been researched. One of these
interesting sequences is that it consists of the Oresme numbers denoted by {On}n≥0

and defined by the recurrence relation

On+1 = On −
1

4
On−1, (n ≥ 1), (1.1)

with initial conditions O0 = 0 and O1 =
1

2
.
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This sequence of rational numbers was introduced by Nicole Oresme in the mid-
fourteenth century. Such a sequence is of considerable biological interest as an answer
to the question involving the calculus of the proportions in any later generations if the
proportion of grandparents and parents of different genotypes is known.

The Oresme sequence and their generalizations are studied in several aspects, as
analytic and matrix perspectives (see more in [6–10]). In the present study we dis-
cuss properties of generalized Oresme numbers given in [9], defined by a general linear
recursive relation,

On = pOn−1 − qOn−2, (n ≥ 2), (1.2)

where p, q are arbitrary rational numbers and initial conditions O0 = α0 and O1 = α1.

Note that, if we take p = 1 and q = 1
4
, for initial conditions α0 = 0 and α1 =

1

2
, we

have the Oresme numbers, i.e., On = On. Then the recursive sequence {On}n≥0 is a
generalization of Oresme sequence of numbers. Table bellow describes some sequences
derived from Equation (1.2).

Table 1: Sequences derived from Equation (1.2)

p q α1 α2 Sequence
1 1

4
0 1

2
Oresme

1 -1 0 1 Fibonacci
1 -1 2 1 Lucas
2 -1 0 1 Pell
1 -2 0 1 Jacobsthal

Our objective is to investigate the generalized Oresme numbers defined by the re-
currence relation (1.2), through the properties of the Fibonacci fundamental systems
related to the elements of this sequence.

The Fibonacci fundamental system is the set of sequences defined by linear recursive
relations of the Fibonacci type and it is a powerful tool to provide new properties and
identities. Its general form was introduced and studied by Rachidi et al. in [1, 5]. In
addition, it was used in other studies, such as [11] for deriving results for generalized
Fibonacci numbers, in [12] for exploring generalized Pell numbers, in [3] for investigating
generalized Pell model and in [4] establishing the generalized Cassini identities.

This paper is organized as follows: Section 1 concerns the generalized Oresme num-
bers and its associated Fibonacci fundamental system. We establish some properties of
the Fibonacci fundamental system related to generalized Oresme numbers, we provide
the combinatorial aspects of generalized Oresme numbers and we study the analytical
formulas for the generalized Oresme numbers. Section 2 is devoted to studying the
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Casoratian matrix and providing identities for the generalized Oresme numbers. Sec-
tion 3 is concerned with discussing the Cassini identity for Oresme numbers, and also
the combinatorial and the analytical formula of the generalized Cassini identity are
established. Finally, some conclusions and perspectives are stated.

2 The generalized Oresme numbers and Fibonacci

Fundamental System

The Fibonacci fundamental system is a fascinating tool for analyzing sequences that
are defined by linear recursive relations of the Fibonacci type. This approach has
been successfully applied to model generalized sequences, such as generalized Fibonacci
numbers and generalized Pell numbers (for more information, see [3, 11, 12]). Through
extensive research, numerous results have been established in this field. In the next
subsections, we present the Fibonacci fundamental system related to the generalized
Oresme numbers and establish some properties.

2.1 Fibonacci fundamental system related to the generalized
Oresme numbers

Consider the sequences {O(1)
n }n≥0, and {O(2)

n }n≥0 defined by

O(j)
n+1 = pO(j)

n − qO(j)
n−1, for n ≥ 1, (2.1)

O(j)
n = δ

(j)
n+1, for n = 0, 1,

with p, q any arbitrary rational numbers and δ
(j)
i = 1 if i = j and δ

(j)
i = 0, otherwise.

As an interesting example if we consider p = 1 and q =
1

4
, we obtain the sequences

{O(1)
n }n≥0, and {O(2)

n }n≥0 defined by O(1)
n+1 = O(1)

n − 1

4
O(1)

n−1, for n ≥ 1, with O(1)
0 = 1,

O(1)
1 = 0 and O(2)

n+1 = O(2)
n − 1

4
O(2)

n−1, for n ≥ 1, with O(2)
0 = 0 and O(2)

1 = 1. This

example consists of the Fibonacci fundamental system related to the Oresme numbers
given by recurrence relation (1.1).

Let EO be the set of sequences {On}n≥0 satisfying the recurrence relation (1.2) and

the set SO =
{
{O(1)

n }n≥0; {O(2)
n }n≥0

}
. We can prove that the set EO of sequences

satisfying the recursive relation (1.2) is a real vector space. Moreover, the next result
shows us that the set SO is a generator system of EO.
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Proposition 2.1. Let {On}n≥0 be the sequence defined by the recursive relation (1.2)
with arbitrary initial conditions α0 ,α1. Then, for every n ≥ 0, we have,

On = α0O(1)
n + α1O(2)

n .

Proof. Let {wn}n≥0 be the sequence defined by, wn = α0O(1)
n +α1O(2)

n , for every n ≥ 0,
with initial conditions (α0, α1). For every n ≥ 2, we have,

wn =
1∑

j=0

αjO(j+1)
n =

1∑
j=0

αj[pO(j+1)
n−1 − qO(j+1)

n−2 ]

= pwn−1 − qwn−2.

Then, the sequence {wn}n≥0 satisfies the recursive relation (1.2). Moreover, we have
the initial conditions,

w0 = α0O(1)
0 + α1O(2)

0 = α0,

w1 = α0O(1)
1 + α1O(2)

1 = α1,

Therefore, for every n ≥ 0, we have On = wn = α0O(1)
n + α1O(2)

n .

Proposition 2.1 gives us that SO =
{
{O(1)

n }n≥0; {O(2)
n }n≥0

}
is the Fibonacci funda-

mental system related to generalized Oresme numbers.

2.2 Properties of the Fibonacci fundamental system related
to generalized Oresme numbers

In this subsection, we give the closed connection between the sequences {O(1)
n }n≥0,

{O(2)
n }n≥0, and provide some properties. More precisely, we have the following result.

Proposition 2.2. Let SO =
{
{O(1)

n }n≥0; {O(2)
n }n≥0

}
be the Fibonacci fundamental

system related to generalized Oresme numbers (1.2). Then we have,

O(1)
n = −qO(2)

n−1 (2.2)

for n ≥ 1.
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Proof. Let wn be the sequence defined by wn = −qO(2)
n−1, n ≥ 1. Note that for n = 1

we have w1 = −qO(2)
0 = 0 and for n = 2 we obtain w2 = −qO(2)

1 = −q. Moreover,

pwn+1 − qwn = −q(pO(2)
n − qO(2)

n−1) = −qO(2)
n+1 = wn+2, i.e, the sequence wn satisfies the

recurrence relation (1.2). Then, O(1)
n = wn = −qO(2)

n−1, for n ≥ 1.

As a consequence, Propositions 2.1 and 2.2 permit us to obtain the following general
result, which the proof is omitted.

Proposition 2.3. Let {On}n≥0 be the sequence defined by the recursive relation (1.2)
with initial conditions α0, α1. Then, for every n ≥ 0, we have,

On = −qα0O(2)
n−1 + α1O(2)

n−2. (2.3)

As an interesting example by replacing p = 1 and q =
1

4
, and initial conditions

α0 = 0, α1 =
1

2
, in Equation (2.3), we obtain the Oresme numbers {On}n≥0, in terms

of the fundamental solution, {O(2)
n }n≥0.

Corollary 2.1. Consider the sequence of Oresme numbers denoted by {On}n≥0 and
given by recurrence relation (1.1) . Then, for every n ≥ 0, we have,

On =
1

2
O(2)

n−2.

2.3 Combinatorial formulas for the generalized Oresme num-
bers

In this section, we will discuss the combinatorial expressions of the generalized Oresme
numbers. The combinatorial expressions of Fibonacci type sequences {un}n≥0 defined
by recurrence relation un+1 =

∑r−1
i=0 aiun−i−1, for n ≥ r, have been largely explored and

some interesting results were provided (see more in [3, 11, 12], and references therein).
First, consider the following combinatorial expression,

ρ(n, 2) =
∑

m0+2m1=n−2

(m0 +m1)!

m0!m1!
am0
0 am1

1 , for every n ≥ 2, (2.4)

where a0, a1 are real or complex numbers, ρ(0, 2) = ρ(1, 2) = 0 and ρ(2, 2) = 1. We can
show that

ρ(n+ 1, 2) = a0ρ(n, 2) + a1ρ(n− 1, 2).
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Specially, for a0 = p and a1 = −q, for every n ≥ 1, we get

ρ(n+ 1, 2) = (−1)m1

∑
m0+2m1=n−2

(m0 +m1)!

m0!m1!
pm0qm1 , (2.5)

with ρ(0, 2) = ρ(1, 2) = 0 and ρ(2, 2) = 1. Therefore, the sequence {ρ(n, 2)}n≥0 satisfies
the Expression (1.2) and its initial conditions are given by ρ(0, 1) = ρ(1, 2) = 0 and

ρ(2, 2) = 1. Thus we can formulate the combinatorial expression of (O(2)
n )n≥0, given in

the next result.

Proposition 2.4. The combinatorial expression of (O(2)
n )n≥0 is given by

O(2)
n = ρ(n+ 1, 2) = (−1)m1

∑
m0+2m1=n−2

(m0 +m1)!

m0!m1!
pm0qm1 , (2.6)

for every n ≥ 2, where O(2)
0 = ρ(1, 2) = 0 and O(2)

1 = ρ(2, 2) = 1.

Combining the Propositions 2.3 and 2.4 we obtain the following general result.

Proposition 2.5. Let {On}n≥0 be the sequence defined by the recursive relation (1.2)
and with initial conditions α0, α1. Then, for every n ≥ 0, we have,

On = −qα0ρ(n, 2) + α1ρ(n− 1, 2). (2.7)

Similarly, by replacing p = 1 and q =
1

4
, and initial conditions α0 = 0, α1 =

1

2
,

in Equation (2.7), we obtain a combinatorial expression for Oresme numbers {On}n≥0,
stated in the following corollary.

Corollary 2.2. Let {On}n≥0 be the sequence of Oresme numbers. Then, for every
n ≥ 0, we have,

On =
1

2
ρ(n− 1, 2) =

1

2
(−1)m1

∑
m0+2m1=n−2

(m0 +m1)!

m0!m1!
pm0qm1 .

It seems to us that these combinatorial formulas are not current in the literature.
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2.4 Analytical aspect of the generalized Oresme numbers

In this section, we will use the Sylvester matrix approach (see more in [3]) to study
the roots of the characteristic polynomials of the generalized recursive equation (1.2)
given by P (z) = z2−pz+q. Sylvester matrix is defined as a matrix associated with two
univariate polynomials P (z) and Q(z), whose entries are given by coefficients of these
two polynomials with the following property: when the determinant of the Sylvester
matrix SP,Q, called the resultant, is zero, then the two polynomials have a common
root. Therefore, by considering the polynomial P (z) and its derivative P ′(z), if the
determinant of the Sylvester matrix SP,P ′ is different from 0, then the polynomials
P (z) and P ′(z) do not have common roots. This means that if det(SP,P ′) ̸= 0, then
the roots of P (z) are simple. In this case, the associated characteristic polynomial is
P (z) = z2 − pz + q. with derivative P ′(z) = 2z − p, and its Sylvester matrix associated
is given by,

SP,P ′ =

 1 −p q
2 −p 0
0 2 −p

 .

Hence, det(SP,P ′) = −p2 + 4q. Then det(SP,P ′) = 0, if and only if p2 = 4q. Observe
that the determinant equals the discriminant of P (z) to the minus of the sign. However,
the Sylvester matrix approach must be considered for analysis in cases of order greater
than 2. Under the preceding discussion, we get the following analytical result.

Lemma 2.1. Consider rational numbers p and q. The roots of the polynomial

P (z) = z2 − pz + q,

are simple if and only if p2 ̸= 4q.

Since the sequence {ρ(n, 2)}n≥0 defined by (2.4) is expressed in an analytic form
in terms of the roots of characteristic polynomial (see [2] and references therein), then
next result can be established.

Lemma 2.2. Let {ρ(n, 2)}n≥0 be the sequence defined by (2.4). Suppose that the roots
λ1,λ2 of its characteristic polynomial P (z) = z2 − pz + q, satisfying λ1 ̸= λ2. Then, we
have

ρ(n, 2) =
λn−1
1

P ′ (λ1)
+

λn−1
2

P ′ (λ2)
=

λn−1
1

(λ1 − λ2)
+

λn−1
2

(λ1 − λ2)
for every n ≥ 2,

with ρ(1, 2) = 0, ρ(2, 2) = 1, where P ′(z) = dP
dz
(z).
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By Lemma 2.2 and Proposition 2.4, we obtain the analytic form for O(2)
n .

Proposition 2.6. The analytical expression of (O(2)
n )n≥0 is given by

O(2)
n =

λn
1

(λ1 − λ2)
+

λn
2

(λ1 − λ2)
(2.8)

for every n ≥ 2, where λ1,λ2 are roots of the characteristic polynomial P (z) = z2−pz+q,
satisfying λ1 ̸= λ2.

By extending the Proposition 2.6 for any sequence {On}n≥0 defined by the recursive
relation (1.2), we get the following general result,

Proposition 2.7. Let {On}n≥0 be the sequence defined by the recursive relation (1.2)
with initial conditions α0, and α1. Then, for every n ≥ 2, we have,

On = −qα0

2∑
i=1

λn−1
i∏

k ̸=i

(λi − λk)
+ α1

2∑
i=1

λn−2
i∏

k ̸=i

(λi − λk)
(2.9)

where λ1,λ2 are roots of the characteristic polynomial P (z) = z2 − pz2 + q, satisfying
λ1 ̸= λ2.

Proof. The proof is given by direct application of the Lemma 2.2 to Proposition 2.5.

Since, for the Oresme sequence we have p2 = 4q, then Proposition 2.7 can not be
applied. The case of roots of the characteristic polynomial with multiplicity is also
studied in [1] and a similar analytical proposition can be provided.

3 Casoratian matrix and identities for the genera-

lized Oresme numbers

In this section, we will explore the matrix formulation of Expression (1.2) and its
relation with the Fibonacci fundamental system. The relation with matrices and the
Fibonacci fundamental system continues to give many results ( see more in [3,4,11,12]).
Consider the matrix formulation of the recursive relation (1.2) given as follows,

Wn = AWn−1, for every n ≥ 3,
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where

A =

(
p −q
1 0

)
and Wn =

(
On

On−1

)
. (3.1)

Consider the well-known Casoratian matrix, Ĉ(n), related to the family of sequences

{O(1)
n }n≥0, {O(2)

n }n≥0, defined by

Ĉ(n) =

(
O(1)

n O(2)
n

O(1)
n+1 O(2)

n+1

)
. (3.2)

A direct verification shows that the Casoratian matrix can be written under the form,
Ĉ(n) = J ×Mn × J, where J = (bi, j)1≤i, j≤2 is the anti-diagonal unit matrix, namely,

bi, j = 1, for i + j = 3, and bi, j = 0, otherwise and Mn = (O(j)
n+2−i−1)1≤i, j≤2. We show

that the matrix Mn, can be written under the form Mn = An, where A is the classical
companion matrix given in (3.1), (for more details see, [1, 5] and references therein).
Hence, we get the following property stated in the next result.

Theorem 3.1. Let SO =
{
{O(j)

n }n≥0; 1 ≤ j ≤ 2
}
be the Fibonacci fundamental system

of the generalized Oresme numbers defined by the recurrence relation (1.2). Then, for

every n ≥ 0, the entries of the powers An = (a
(n)
ij )1≤i,j≤2 are given under the form,

a
(n)
ij = O(2−j+1)

n+2−i . (3.3)

Since Ĉ(n) = J ×Mn × J implies the matrix identity Ĉ(n +m) = Ĉ(n).Ĉ(m), for

every n and m, then the entries of the matrix Ĉ(n+m) = (c
(n+m)
ij )1≤i, j≤2, are expressed

in terms of those of the matrices Ĉ(m) = (c
(m)
ij )1≤i, j≤2 and Ĉ(n) = (c

(n)
ij )1≤i, j≤2 as

follows,

c
(n+m)
ij =

2∑
k=1

c
(n)
ik c

(m)
kj =

2∑
k=1

c
(m)
ik c

(n)
kj , for every n, m ≥ 0, (3.4)

where 1 ≤ i, j ≤ 2.
Expression (3.4) and Theorem 3.1 give us the next result,

Proposition 3.1. Let SO =
{
{O(1)

n }n≥0; {O(2)
n }n≥0

}
be the Fibonacci fundamental sys-

tem of the generalized Oresme numbers defined by the recurrence relation (1.2). Then,
for each m,n ≥ 0 , the following identity is verified,

O(2−j+1)
n+m+2−i =

2∑
k=1

O(3−k)
m+2−iO

(3−j)
n+2−k. (3.5)
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In special, for i = 2 and j = 1, we obtain

O(2)
n+m =

2∑
k=1

O(3−k)
m O(2)

n+2−k = O(2)
m O(2)

n+1 +O(1)
m O(2)

n .

By Expression (2.2) of Proposition 2.2, namely, O(1)
n = −qO(2)

n−1, we obtain the
identity,

O(2)
n+m =

2∑
k=1

O(3−k)
m O(2)

n+2−k = O(2)
m O(2)

n+1 − qO(2)
m−1O(2)

n .

Hence, the previous discussion and the Corollary 2.1 allow us to establish an identity
involving the Oresme numbers and the elements of the sequence {O(2)

n }n≥0.

Corollary 3.1. Let {On}n≥0 be the sequence of Oresme numbers. Then, for every
n ≥ 0, we have,

On+m =
1

2
(O(2)

m−2O
(2)
n+1 − qO(2)

m−3O(2)
n ).

By the result of previous sections and Corollary 3.1, we obtain the following result
from a combinatorial perspective.

Proposition 3.2. Let {On}n≥0 be the sequence of Oresme numbers. Then, for every
n ≥ 0, we have,

On+m =
1

2
(ρ(m− 1, 2)ρ(n+ 2, 2)− qρ(m− 2, 2)ρ(n+ 1, 2)).

Moreover, we can establish the analytical identity using Proposition 2.6.

4 The Cassini identity for the generalized Oresme

numbers

In [4] the authors explore the generalized Cassini identities for the weighted general-
ized Fibonacci sequences, through the associated generalized Fibonacci fundamental
system, providing the algebraic, combinatoric, and analytic formulations of the Cassini
identities. This section is devoted to providing the Cassini identity for the generalized
Oresme numbers via the Fibonacci fundamental system, which is an application among
the results of the article [4].
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Consider the matrix formulation given in (3.1). We have Wn+2 = AWn−1 = AnW2.
Since, it is verify Mn = An, where A is the classical companion matrix given in (3.1),
then we show that

det[Ĉ(n)] = det[An] = det[A]n = (−q)n.

Also,

Ĉ(n) =

(
O(1)

n O(2)
n

O(1)
n+1 O(2)

n+1

)
=

(
−qO(2)

n−1 O(2)
n

−qO(2)
n O(2)

n+1

)
, (4.1)

and,

det[Ĉ(n)] = −q(O(2)
n−1O

(2)
n+1 − (O(2)

n )2).

Therefore, we obtain the following theorem.

Theorem 4.1. The generalized Cassini identity, related to the Fibonacci fundamental
system (2.1), is given under the following form,

O(2)
n−1O

(2)
n+1 − (O(2)

n )2 = (−1)n+1qn−1.

As a consequence, Expression (2.6) and Theorem 4.1 permit us to obtain the com-
binatorial generalized Cassini identity related to the Fibonacci fundamental system
(2.1),

Proposition 4.1. The combinatorial generalized Cassini identity, related to the Fi-
bonacci fundamental system (2.1), is given under the following form,

ρ(n, 2)ρ(n+ 2, 2)− (ρ(n+ 1, 2))2 = (−1)n+1qn−1.

In a similar process, we can derive the Cassini identity for Oresme numbers,
{On}n≥0. In fact, since(

On+1 On

On On−1

)
=

(
1 −1

4

1 0

)n−1( O2 O1

O1 O0

)
.

Thus, a direct computation allows us to obtain the following result,

Corollary 4.1. Let {On}n≥0 be the sequence of Oresme numbers. Then, for every
n ≥ 3, it is verified,

On+1On−1 − (On)
2 = (−1)n

1

4

n

.

In addition, we can establish the combinatorial and analytical Cassini identity by
using the results of Propositions 2.4 and 2.6.
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5 Conclusions

In this paper, we study the generalized Oresme numbers using the approach of the
Fibonacci fundamental system. In addition, some identities and combinatorial identities
for the generalized Oresme numbers are provided. Moreover, we presented a study of the
characteristic polynomial associated with the generalized Oresme numbers and provided
analytic formulas.

It seems that several results of our study are new in the literature.
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