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Abstract

In this paper, we investigate combinatorial identities for r−generalized Fibonacci se-
quences. For this purpose, we established a combinatorial fundamental system related
to the sequences of r−generalized Fibonacci type, and using the properties of the Caso-
ratian matrix associated we obtain new combinatorial identities. Moreover, some special
cases are studied and new general combinatorial identities are provided for these special
sequences of numbers.

Keywords: Fundamental system, properties, combinatorial identities.

1 Introduction

The classical Fibonacci {Fn}n≥0 and Pell {Pn}n≥0 sequence are the recursive relations
given by Fn+1 = Fn +Fn−1, ∀n ≥ 1, where the initial conditions are F0 = 0 and F1 = 1
and Pn+1 = 2Pn + Pn−1, for n ≥ 1, with the initial conditions P0 = 0, P1 = 1, respec-
tively. These sequences and their generalizations are widely studied from both algebraic,
analytic, combinatorial and matrix perspective, and it is an interesting subject of sev-
eral important properties and identities (see, for example, [1], [4], [10], [12], [15], [16]).
One of these generalizations concerns the so-called weighted r−generalized Fibonacci
sequences, defined as follows. The weighted r−generalized Fibonacci sequences {vn}n≥0

of higher order r ≥ 2 is defined by giving two sequences {aj}0≤j≤r−1 and {αj}0≤j≤r−1

(r ≥ 2) of K (field of real or complex numbers), in the form,

vn =
r−1∑
i=0

aivn−i−1 for n ≥ r, (1.1)

vn = αn for n = 0, 1, ..., r − 1. (1.2)
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The sequences {aj}0≤j≤r−1 and {αj}0≤j≤r−1 are known in the literature as the co-
efficients and the initial conditions (or initial data) of the sequence (1.1). For reasons
of simplicity, in the sequel we will refer to these sequences by sequences (1.1). When
considering only Expression (1.1), without taking into account the initial conditions
(1.2), we are then dealing with a linear difference equation of constant coefficients.

Let a0, a1, · · · , ar−1 be real or complex numbers and consider the combinatorial
expression defined in [13],

ρ(n, r) =
∑

k0+k1+···+rkr−1=n−r

(k0 + · · ·+ kr−1)!

k0!k1! · · · kr−1!
ak00 .ak11 · · · akr−1

r−1 ,

with n ≥ r, where ρ(r, r) = 1 and ρ(n, r) = 0 for 0 ≤ n ≤ r − 1. It was showed that
ρ(n, r) satisfies the following linear difference equation

ρ(n+ 1, r) = a0ρ(n, r) + a1ρ(n− 1, r) + · · ·+ ar−1ρ(n− r + 1, r), (1.3)

for each n ≥ r, with ρ(r, r) = 1 and ρ(n, r) = 0 for 0 ≤ n ≤ r − 1. Therefore, we have
that the sequence {ρ(n + 1, r)}n≥0 satisfies the Equation (1.1) with initial conditions
ρ(1, r) = · · · = ρ(r − 1, r) = 0 and ρ(r, r) = 1. Consider the family of the sequences
{ρ(n+ 1, s)}n≥0, for 0 ≤ s ≤ r − 1 denoted by

L = {{ρ(n+ 1, s)}n≥0, 1 ≤ s ≤ r}.

where each sequence {ρ(n+ 1, s)}n≥0 is given by

ρ(n+ 1, s) =
r−1∑
i=0

aiρ(n− i, s) for n ≥ r, (1.4)

ρ(s, s) = 1 and ρ(n, s) = 0 for 1 ≤ n ̸= s ≤ r − 1.

In the present study, we focus on explicitly describing the closed connection between
the family L and the fundamental sequence of numbers {ρ(n + 1, r)}n≥0, providing
combinatorial identities. This approach is another perspective of has been done in the
literature, especially, those of [4], [15] and [16]. Finally, significant illustrative examples
and applications are furnished and some perspectives are proposed. Consequently, we
get various generalized identities. Moreover, some results of the literature are recovered.

2 The matrix formulation and the family L
In this section, we will talk about the matrix form associated with the family L, high-
lighting its properties. In addition, we will introduce some new interesting identities.
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2.1 The matrix formulation and properties

Consider the matrix

Mn =

 ρ(n+ r, r) · · · ρ(n+ r, j) · · · ρ(n+ r, 1)
...

...
...

...
ρ(n+ 1, r) · · · ρ(n+ 1, j) · · · ρ(n+ 1, 1)

 . (2.1)

The next Lemma was introduced in [Proposition 2.1,[6]] and it deals with the rela-
tionship between the matrix Mn and the companion matrix associated with the family
L.

Lemma 2.1. (See [1, 6]) For each n ≥ 0, we have that An = Mn, where A is the
classical companion matrix:

A =


a0 a1 a2 . . . ar−1

1 0 0 . . . 0
0 1 0 . . . 0
...

. . . . . . . . .
...

0 · · · 0 1 0

 ,

or yet, a
(n)
i,j = ρ(n+ r − i− 1, r − j + 1).

Since determinant of An is equal to ar−1(−1)n(r−1), and ar−1 ̸= 0, then determinant
of Mn ̸= 0. Moreover, if we take any sequence vn of type (1.1) with initial conditions
(1.2), a direct computation gives us that

vn = α0ρ(n+ 1, 1) + α1ρ(n+ 1, 2) + · · ·+ αr−1ρ(n+ 1, r). (2.2)

Therefore, the family L is a base of the K-vector space of finite dimension r, of
solutions of Equation (1.1).

2.2 Some Properties

In this subsection, we will describe some interesting properties of the family L. More
specifically, we will describe the element ρ(n + 1, j), for 1 ≤ j ≤ r − 1 in terms of the
elements of the sequence {ρ(n + 1, r)}n≥0. The proof of the following result is done by
induction on n and will be omitted.
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Proposition 2.2. Consider the family L = {{ρ(n + 1, s)}n≥0, 1 ≤ s ≤ r}. Then we
have

ρ(n+ 1, 1) = ar−1ρ(n, r), (2.3)

for n ≥ 1, and for each j, with 2 ≤ j ≤ r − 1, holds

ρ(n+ 1, j) =

j−1∑
i=0

ar−j+iρ(n− i, r), (2.4)

for n ≥ j.

Combining identities (2.2), (2.3) and (2.4), we have the following general result.

Proposition 2.3. Let {wn}n≥0 be a r−generalized Fibonacci sequence of type (1.1),
with initial conditions α0, α1, · · · , αr−1. Then, for all n ≥ 0, holds:

wn = α0ar−1ρ(n, r) + · · ·+ αj−1

j−1∑
i=0

ar−j+iρ(n− i, r) + · · ·+ αr−1ρ(n+ 1, r). (2.5)

Proposition 2.3 gives us a general combinatorial expression for any sequence of type
(1.1), with arbitrary initial conditions α0, α1, · · · , αr−1.

2.3 Combinatorial Identities

Let Ĉ(n) be the Casoratian matrix associated to the family L, defined by

Ĉ(n) =

 ρ(n+ 1, r) · · · ρ(n+ 1, j) ρ(n+ 1, r)
... · · · ...

...
ρ(n+ r, r) · · · ρ(n+ r, j) ρ(n+ r, 1)

 . (2.6)

We have Ĉ(n) = J×Mn×J, where J = (bi, j)1≤i, j≤r is the anti-diagonal unit matrix,
whose entries are given by bi, j = 1 for i + j = r + 1 and bi, j = 0 otherwise. Therefore

Ĉ(n +m) = JAn+mJ = JAnAmJ. Since for every positive integers n and m is verified
Casoratian matrix property, Ĉ(n+m) = Ĉ(n)Ĉ(m), then Am+n = AmAn = AnAm.

Next, we obtain a result by using the Casoratian matrix property.

Proposition 2.4. Consider the family L = {{ρ(n + 1, s)}n≥0, 1 ≤ s ≤ r}. Then, for
each m,n ≥ 0 , following identity is verified,

ρ(m+n+r−i+1, r−j+1) =
r∑

k=1

ρ(n+r−i+1, r−k+1)ρ(m+r−k+1, r−j+1). (2.7)
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Proof. If we denote Am+n = (a
(m+n)
ij )1≤i,j≤r, it follows,

a
(m+n)
ij =

r∑
k=1

a
(m)
ik a

(n)
kj =

r∑
k=1

a
(n)
ik a

(m)
kj . (2.8)

But by Lemma 2.1 the identity a
(n)
ij = ρ(n + r − i + 1, r − j + 1) is verified. Thus,

a
(n)
ik = ρ(n+ r − i+ 1, r − k + 1) and a

(m)
kj = ρ(m+ r − k + 1, r − j + 1).

Hence, we have

a
(m+n)
ij =

r∑
k=1

ρ(n+ r − i+ 1, r − k + 1)ρ(m+ r − k + 1, r − j + 1). (2.9)

Since a
(m+n)
ij = ρ(m+ n+ r − i+ 1, r − j + 1), then it is verified

ρ(m+n+ r− i+1, r− j+1) =
r∑

k=1

ρ(n+ r− i+1, r− k+1)ρ(m+ r− k+1, r− j+1).

By using identities (2.2), (2.3) and (2.4), we obtain the Theorem below.

Theorem 2.5. Consider the family L = {{ρ(n+ 1, s)}n≥0, 1 ≤ s ≤ r}. Then for every
m,n ≥ 0, it is verified the following identities:

ρ(m+ n+ p, q) =
r∑

d=1

[
d−1∑
i=0

ar−d+iρ(m+ p− i, r)

][
q−1∑
j=0

ar−q+jρ(n+ d− 1− j, r)

]
,

(2.10)
and

ρ(m+ s+ 1, r) =
r∑

d=1

d∑
i=1

ar−d+iρ(m− i, r)ρ(s+ d, r). (2.11)

Observe that, Casoratian matrix property can be extended, i.e, for every positive
integers m1,m2, . . . ,mt, it is verified

Ĉ(m1 +m2 + . . .+mt) = Ĉ(m1)Ĉ(m2) · · · Ĉ(mt),

then Am1+m2+...+mt = Am1 .Am2 · · · .Amt . Therefore, similarly as did previously, we can
obtain identities involving sums and products of elements of L, as follows for t = 3,
below.
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Proposition 2.6. Consider the family L = {{ρ(n+1, s)}n≥0, 1 ≤ s ≤ r}. Then, for all
positive integers m1,m2 and m3, holds:

ρ(m1 +m2 +m3 + r − i+ 1, r − j + 1) = (2.12)
r∑

k=1

(
r∑

l=1

ρ(m1 + r − i+ 1, r − l + 1)ρ(m2 + r − l + 1, r − k + 1)

)
×ρ(m3 + r − k + 1, r − j + 1).

Theorem 2.7. Consider the family L = {{ρ(n+ 1, s)}n≥0, 1 ≤ s ≤ r}. Then for every
for all positive integers m1,m2 and m3, holds:

ρ(m1 +m2 +m3 + 1, r) = (2.13)
r∑

k=1

(
r∑

l=1

ρ(m1 + 1, r − l + 1)ρ(m2 + r − l + 1, r − k + 1)

)
×ρ(m3 + r − k + 1, r).

As a particular case, by evaluating r = 2, Equation (2.12) and (2.7) assumes, re-
spectively, the following forms below.

Corollary 2.8. The following combinatorial identities are verified,

ρ(m+n+1, 2) = a2[ρ(n, 2)ρ(n+1, 2)+ρ(m−1, 2)ρ(n+2, 2)]+a1ρ(m, 2)ρ(n+2, 2), (2.14)

for each m ≥ 1 and n ≥ 0, and

ρ(m1 +m2 +m3 + 1, 2) = (2.15)

= (ρ(m1 + 1, 2)ρ(m2 + 2, 2) + a2ρ(m1, 2)ρ(m2 + 1, 2))

×ρ(m3 + 2, 2)

+
(
ρ(m1 + 1, 2)a2ρ(m2 + 1, 2) + (a2)

2ρ(m1, 2)ρ(m2, 2)
)

×ρ(m3 + 1, 2)

for each m1 ≥ 2, m2 ≥ 1 and m3 ≥ 0.

3 Application: Special Cases

In this section, we will show applications of the results obtained in the Fibonacci
r−generalized fundamental system to some special cases: The Generalized Fibonacci
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numbers, The Generalized Pell numbers, The Generalized Jacobsthal numbers, and
The Model of generalized Pell numbers. For more details, the reader can refer to the
following articles [15], [16], [9], [8] and [4].

3.1 The Generalized Fibonacci numbers

Consider the coefficients a0 = a1 = · · · = ar−1 = 1 in the Equation (1.1), then we get
the generalized Fibonacci numbers given by,

Fn =
r−1∑
i=0

Fn−i−1 for n ≥ r, (3.1)

with initial condition Fn = αn for n = 0, 1, ..., r − 1. Family L associated to Fn is
given by {{ρF (n+ 1, s)}n≥0, 1 ≤ s ≤ r}, where

ρF (n+ 1, r) =
∑

k0+2k1+···+rkr−1=n−r+1

(k0 + · · ·+ kr−1)!

k0!k1! · · · kr−1!
, n ≥ r.

Equation (2.5) allow us obtain the combinatorial expression for Fn in terms of the
elements of the fundamental sequence ρF (n+ 1, r), given by

Fn = α0ρF (n, r) + · · ·+ αj−1

j−1∑
i=0

ρF (n− i, r) + · · ·+ αr−1ρF (n+ 1, r). (3.2)

Following the Expressions (2.11) and (3.2) we obtain the following result for gener-
alized Fibonacci numbers.

Proposition 3.1. Consider the family L = {{ρ(n + 1, s)}n≥0, 1 ≤ s ≤ r}. Then, for
every n,m ≥ 0, holds

Fm+n = α0

r∑
d=1

d∑
k=1

ρF (m− k, r)ρF (n− 1 + d, r) + · · ·

+αj−1

j−1∑
i=0

r∑
d=1

d∑
k=1

ρF (m− k, r)ρF (n− i+ d, r)

+ · · ·+ αr−1

r∑
d=1

d∑
k=1

ρF (m− k, r)ρF (n+ d, r),

where Fn is the n-th generalized Fibonacci number.
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3.2 The Generalized Pell numbers

By replacing a0 = 2 and a1 = · · · = ar−1 = 1 in the Equation (1.1), we get the
generalized Pell numbers given by,

Pn = 2Pn−1 +
r−1∑
i=1

Pn−i−1 for n ≥ r, (3.3)

with initial condition Pn = αn for n = 0, 1, ..., r − 1. Family L associated to Pn is
given by {{ρP (n+ 1, s)}n≥0, 1 ≤ s ≤ r}, where

ρP (n+ 1, r) =
∑

k0+2k1+···+rkr−1=n−r+1

(k0 + · · ·+ kr−1)!

k0!k1! · · · kr−1!
2k0 , n ≥ r.

Equation (2.5) allow us obtain the combinatorial expression for Pn given as follows:

Pn = α0ar−1ρP (n, r) + · · ·+ αj−1

j−1∑
i=0

ar−j+iρP (n− i, r) + · · ·+ αr−1ρP (n+ 1, r).

(3.4)

Moreover, we have the following result for the generalized Pell numbers.

Proposition 3.2. Consider the family L = {{ρ(n + 1, s)}n≥0, 1 ≤ s ≤ r}. Then, for
every n,m ≥ 0, holds

Pm+n = α0

r∑
d=1

d∑
k=1

ρP (m− k, r)ρP (n− 1 + d, r) + · · ·

+αj−1

j−1∑
i=0

r∑
d=1

d∑
k=1

ρP (m− k, r)(n− i+ d, r)

+ · · ·+ αr−1

r∑
d=1

d∑
k=1

ρP (m− k, r)ρP (n+ d, r),

where Pn is the n-th generalized Pell number.

By using the classical initial conditions αj = 0, for 0 ≤ j ≤ r − 2 and αr−1 = 1, we
obtain the particular case

Pm+s =
r∑

d=1

d∑
i=1

ρP (m− i, r)ρP (s+ d, r). (3.5)

Expression (3.5) was established in [Section 3.2,[16]] . Then, it seems to us that
Proposition 3.2 is a generalization of an identity presented in [16].
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3.3 The Generalized Jacobsthal numbers

Consider the coefficients a0 = a1 = · · · = ar−2 = 1 and ar−1 = 2 in the Equation (1.1),
then we get the generalized Jacobsthal numbers given by,

Jn =
r−2∑
i=0

Jn−i−1 + 2Jn−r for n ≥ r, (3.6)

with initial condition Jn = αn for n = 0, 1, ..., r − 1. Therefore, by Equation (2.5),
the combinatorial expression for Jn is given by

Jn = 2α0ρJ(n, r) + · · ·+ αj−1

j−1∑
i=0

ar−j+iρJ(n− i, r) + · · ·+ αr−1ρJ(n+ 1, r), (3.7)

where

ρJ(n+ 1, r) =
∑

k0+2k1+···+rkr−1=n−r+1

(k0 + · · ·+ kr−1)!

k0!k1! · · · kr−1!
2kr−1 , n ≥ r.

In addition, we have the following proposition.

Proposition 3.3. Consider the family L = {{ρJ(n + 1, s)}n≥0, 1 ≤ s ≤ r}. Then, for
every n,m ≥ 0, holds

Pm+n = 2α0

r∑
d=1

d∑
k=1

ρP (m− k, r)ρP (n− 1 + d, r) + · · ·

+αj−1

j−1∑
i=0

ar−j+i

r∑
d=1

d∑
k=1

ρP (m− k, r)ρP (n− i+ d, r)

+ · · ·+ αr−1

r∑
d=1

d∑
k=1

ρP (m− k, r)ρP (n+ d, r),

where Jn is the n-th generalized Jacobsthal number.

Corollary 3.4. Let {Jn}n≥0 be the generalized Jacobsthal numbers with initial condi-
tions αj = 0, for 0 ≤ j ≤ r − 2 and αr−1 = 1. Then, for every n,m ≥ 0, we have the
following identity:

Jm+n =
r∑

d=1

[
d−1∑
i=1

ρJ(m− i+ 1, r) + 2ρJ(m− d+ 1, r)

]
ρJ(n+ d, r). (3.8)
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3.4 The Model of generalized Pell numbers

Consider the coefficients given by a0 = 2d, a1 = · · · = ai = 0; ai+1 = · · · = ar−2 = 1
and ar−1 = h ̸= 0 in the Equation (1.1). We get the model of generalized Pell numbers,

Pi,n+1 = 2dPi,n +
r−2∑

k=i+1

Pi,n−k + hPi,n−r+1 for n ≥ r − 1, (3.9)

The combinatorial expression for Pi,n+1 is given by

Pi,n+1 = α0hρPi
(n, r) + · · ·+ αj−1

j−1∑
i=0

ar−j+iρPi
(n− i, r) + · · ·+ αr−1ρPi

(n+ 1, r),

(3.10)

where

ρPi
(n+ 1, r) =

∑
k0+2k1+···+rkr−1=n−r+1

(k0 + · · ·+ kr−1)!

k0!k1! · · · kr−1!
2dk0hkr−1 , n ≥ r. (3.11)

Next, we have a new Proposition.

Proposition 3.5. Consider the family L = {{ρPi
(n + 1, s)}n≥0, 1 ≤ s ≤ r}. Then, for

every n,m ≥ 0, holds

Pi,n+m = α0h
r∑

d=1

d∑
k=1

ρPi
(m− k, r)ρPi

(n− 1 + d, r)+

+αi

i∑
t=0

ar−t+i

r∑
d=1

d∑
k=1

ρPi
(m− k, r)ρPi

(n− i+ d, r)

+ · · ·+ αr−1

r∑
d=1

d∑
k=1

ρPi
(m− k, r)ρPi

(n+ d, r),

where Pi,n is given by (3.9).

Corollary 3.6. Let {Pi,n}n≥0 be the model of generalized Pell numbers with initial
conditions αj = 0, for 0 ≤ j ≤ r − 2 and αr−1 = 1. Then, for every s,m ≥ 0, we have
the following identity:

Pi,m+s =
r∑

d=1

[
d−2∑

j=d−r+i+1

∆m,s

]
ρi(s+ d, r), (3.12)

where ∆m,s = ρi(m− j, r) + hρi(m− s+ 1, r).
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4 Concluding remarks and perspective

In this study, we established a combinatorial fundamental system related to the se-
quences of r−generalized Fibonacci type, called family L. Moreover, by using the
properties of the Casoratian matrix associated with the family L we obtain new com-
binatorial identities and properties. In particular cases, we studied the generalized
Fibonacci, Pell, Jacobsthal, and model of Pell numbers, and provided new combinato-
rial identities for these classes of numbers. It seems to us that the approach presented
here is new in the literature, and the subject can be provided from other perspectives.
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