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Abstract

This paper provides a combinatorial interpretation of mock theta functions as
generating functions for certain classes of plane partitions through a uniform procedure.
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1 Introduction

In his last letter to Hardy in 1920 (see [13, p. 127-131]), Ramanujan introduced the
notion of a mock theta function. He listed 17 such functions having orders 3, 5, and
7. Since then, the mock theta functions have received much attention. In addition to
the classical mock theta functions, many new ones have been discovered recently, see
[9, 11, 12] for example.

Combinatorial aspects of mock theta functions have been investigated by many
authors, including [1, 2, 4, 7, 15, 16]. For instance, in [7] the mock theta functions are
combinatorially interpreted in terms of two-line arrays. Combinatorial interpretation
in terms of partitions can be seen in [1, 2, 8, 15, 16]. For example, Choi and Kim [§]
provide partition theoretic properties of third order mock theta functions ¢(q), ¥ (q),
v(q) and sixth order mock theta functions ¥(q), ¥_(q), p(q), and A(q) in terms of n-
color partitions and n-color overpartitions. Choi and Kim close their paper noting that
it would be interesting to see a description of the mock theta functions as generating
functions for certain classes of plane partitions or plane overpartitions.

We recall that a plane partition of the positive integer n is an array of non-negative
integers
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for which )" n;; = n and the rows and columns are arranged in non-increasing order:
Nij = N(ir1); and ng; > ngq), for all 2,7 > 1.

The goal of this paper is to provide combinatorial interpretations in terms of plane
partitions for the mock theta functions, which answers the question raised by Choi and
Kim [8] about describing the mock theta functions as generating functions for certain
classes of plane partitions.

This paper is organized as follows. In Section 2, we describe a class of plane par-
titions and how it can be obtained from a two-line matrix. Section 3 is devoted to
proving the main results of this paper. We close the paper summarizing the combina-
torial interpretations for the mock theta functions in Section 4.

2 Preliminaries

In this section, we describe two important constructions that will be used throughout
the paper. The first one associates a given three-line matrix to a lattice path, which is
linked to a plane partition in a unique way. The second one describes how we transform
certain two-line matrices into three-line matrices. The last construction is essential for
building the plane partitions from mock theta functions thanks to what was proven in

[7].

2.1 A special class of plane partitions

Given a three-line matrix consisting of positive integers, we describe below how we
can associate it to a lattice path in the 3-dimensional space, to build a volume, which
is going to correspond to a plane partition. This construction can be done in many
different ways, each one providing us with a family of plane partitions. However, as we
are seeking a uniform class of plane partitions generated by mock theta functions, we
choose a specific way to do this construction.

Consider, for example, the three-line matrix

12 10 7 2
2 3 14 |. (2.1)
5 1 2 1

To obtain a solid representing a plane partition from (2.1), we draw the lattice path
starting at (0,1, 1) moving 12 units in the x-direction, 2 units in the y-direction, 5 units
in the z-direction, 10 units in the x-direction, 3 units in the y-direction, 1 unit in the
z-direction, and so on. At the end, we insert an extra move of 1 unit in the z-direction.
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In this way, we generate a unique 3-dimensional path. The corresponding path is shown
in Figure 1, where a * together with a number near a corner represents a step in the
positive z-direction.

Figure 1: The lattice path associated to matrix (2.1)

From the path shown in Figure 1, we need to get a plane partition in the conventional
way, i.e., as a solid in the first octant. In order to do this, we apply the transformation
x +— —x, which corresponds to a reflection concerning the yz-plane followed by a
translation of 32 units (the sum of the entries in the first line of the matrix (2.1) plus
one) in the z-direction. The resulting lattice path is shown in Figure 2.

Y

1 7 -

5
2 12

Figure 2: The lattice path that gives the plane partition associated to matrix (2.1)

Now, we construct the plane partition by stacking 1 x 1 x 1 cubes into the solid
limited by the lattice path shown in Figure 2, respecting the high of the levels in the
z-direction. The plane partition corresponding to this solid is shown in Figure 3. Note
that the number of levels parallel to each of the planes zy, xz, and yz is the same.

The type of plane partitions that are relevant to the rest of the paper is defined
below.

Definition 2.1. A plane partition is said to be of type R if in its geometrical rep-
resentation, the entries having the same value form a unique rectangle parallel to the
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Figure 3: The plane partition associated to the matrix (2.1)

xy-plane and the number of distinct levels that are parallel to each of the planes xy,
xz, and yz is the same.

Considering the construction above, it is easy to write .

the matrix with positive entries corresponding to a plane

partition of type R. To get the entries on the third line,

we have to stand on the plane z = 1 (since we have :
started drawing the lattice path at (0,1, 1)), climb to the . N

top, and set the height of those steps as the entries. To I I I
get the entries on the second line, we have to stand on " 4 ’

the plane y = 1, go up to the top, and set the height of x g
those steps as the entries. As we have made a reflection

in the construction of the solids, to obtain the entries on

the first line, we have to stand on the plane x = 1, climb

to the top, count the height of those steps, and, then, 33211
set the entries as being these integers in reverse order. 31 2 21
For instance, in the figure to the right, we have a type R 2 3 1 2 2

plane partition and its corresponding three-line matrix.

The general appearance of a type R plane partition is shown in Figure 4.

We let A; be the value of the parts at each level parallel to the zy-plane, while z;
and y; are the steps in the z-direction and y-direction, respectively. For example, the
plane partition shown in Figure 3 has s =4, A\ =1, A\a =6, \3 =7, \y =9, A5 = 10,
=12, 20 =10, 23 =T, 24 =2, 25 =1, y1 =1, 4o =2, y3 = 3, y4 = 1, and y5 = 4.
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Figure 4: A lattice path of a type R plane partition

2.2 From two-line and three-line matrices

In [14] three characterizations of unrestricted partitions in terms of two-line matrices
are presented. We recall two of them below to illustrate how one can obtain a three-line
matrix from a two-line matrix in such a way that a plane partition can be built.

Theorem 2.2 (Theorem 8, [14]). The number of unrestricted partitions of n is equal
to the number of two-line matrices of the form

Ci Cp €3 ... Cg
<d1 dy dy ... ds>’ (22)
where
Cs = 07
Ct = Ct+41 + dt+1, YVt < S, (23)

n = ZE: ct + 25:(1t.

Theorem 2.3 (Theorem 10, [14]). The number of unrestricted partitions of n is equal
to the number of two-line matrices of the form

Ci C C3 ... Cg
<d1 dy dy ... ds>’ (2.4)
where
cs # 0,
c > 2+ Ciy1 + dt+17 Vt < S, (25)

n = j{: Ct‘+’§£: dt'
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Bijective proofs of these theorems can be found in [5].
We now discuss how we will associate a three-line matrix to a given matrix of one of
the types appearing in the above theorems. Consider a two-line matrix (2.2) satisfying

(2.3), namely,
Ci Cp C3 -+ Cg
( di dy d3 --- dg ) ’ (26)

Ct = Q-+ Cy1 + dt+1, YVt < S,

n = Z ct + Z dt,
with a positive integer and ¢, is a given constant. Initially, we add a third line with
zeros in (2.2). In order to obtain a type R plane partition, we add 1 to each entry of
the resulting matrix, obtaining

where

a(s—1)+cs+do+--ds+1 -+ at+cs+ds+1 cs+1
di +1 ds—1+1 ds+1 |. (2.7)
1 1 1

Matrix (2.7) is what we need to build the lattice path and, then, the plane partition as
we discussed previously.
As another example, consider a matrix (2.4) satisfying (2.5), namely

c > a—+ Ciy1 + dt+1, VYt < S,

n=> ¢+, d,

with a a positive integer and ¢, is a given constant. From the restrictions (2.8), we see
that there exists, for each ¢, a non-negative integer #; such that ¢; = a+4; + ¢ 1 + dyy1,
for 1 <t <s—1, and is = ¢s. Hence, we can rewrite matrix (2.4) as

(2.8)

<a(s—1)+i1+-~+i5+d2+~-+d5 o atisoq +is+ds is) (2.9)

dl e dsfl ds

We associate a three-line matrix to (2.9) by subtracting i; from the ¢-th entry in the
first row and setting i; as the t-th entry of a new third row:

a(s = 1) +ig+ - +is+dy+---+ds - atistds O
d, o dey dy | (2.10)
51 Z’5—1 is

Note that matrix (2.10) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

a(s=1)+1+ig+ - Fis+do+-+ds -+ at+ltis+ds 1
1+dy . 1+ds 1+d, |. (211)
L+ 1451 1+
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This procedure can be easily reversed to get (2.4) again.
This method permits us to associate a finite set of restricted partitions of n to a
finite set of three-line matrices of the form

Ci Cp C3 -+ Cg
di dy d3 --- dg |, (2.12)
€1 €2 €3 -+ €5

where e; = N\j11 — Aj, ; = ¢j and d; = y;41, for j = 1,..., s, considering the preceding

notation of \;, z; and y;.

3 The plane partitions generated by mock theta
functions

Our goal in this section is to interpret the mock theta functions as generating functions
for certain type R plane partitions. The idea is to employ the combinatorial interpre-
tation as two-line matrices for the mock theta functions from [7] to create three-line
matrices and, then, build the plane partitions, proceeding according to the method
presented in the last sections.

We use the notation (a;¢)o = 1 and (a; ¢)n = [[1—0(1 — ag®) for any positive integer

Consider the third-order mock theta function:

fa)=> 2

—a-a)2°
— (—q;9);

n2

In [7] this mock theta function was shown to be the generating function for two-line

matrices of the form
Ci Cp C3 -+ Cg
(d1 dy dy - ds) (3:1)

with non-negative integer entries satisfying

Cs > ]-7
Ct Z 2+ Ci+1 + dt—i—l; (32)

nzzct—i—Zdt,

and weight (—1)4~4*1 From the restrictions in (3.2), we see that there are, for each
t, a non-negative integer i; such that ¢, =2+ 4; + 41 + dpyq, for 1 <t < s—1, and
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¢s = 1 +i5. Hence, we can rewrite matrix (3.1) as:

(251+i1+~--+i5+d2+~--+d3 s 3 4igoq +is + ds 1+i3>

3.3
dl to ds—l ds ( )

We associate a three-line matrix to (3.3) by subtracting i; from the ¢-th entry in the
first row and setting i; as the t-th entry of a new third row:

d cedey dy | (3.4)
il Z.sfl Z.s

Note that matrix (3.4) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

25+ig+ - Fig+do+--+ds - A4is+ds 2
1+d; o 14dsr 14ds | (3.5)
1+ e Tddsr 144

This procedure can be easily reversed to get (3.1) again.

Now we can use the procedure described in the subsection 2.1 to associate a unique
type R plane partition to each matrix (3.5). The next theorem presents the result for
the mock theta function f(g). In this theorem, we use the parameters from Figure 4 to
describe the plane partitions.

Theorem 3.1. The mock theta function f(q) is the generating function for type R
plane partitions having weight (—1)¥2"1=22%\ and satisfying:

1. )\1:1, )\j—)\jflzl,
11. y1:1, yjzl,
Wi Top1 = 1,06 = 2, 5 — XTjy1 = Yo + Njy2 — Ajr1-

Proof. Firstly we mnote that the plane partitions obtained from (3.1) have:
Yy = 1, Yy; = 1+dj_1,j = 2,...,S+ 1, )\1 = 1, /\j+1 — >‘j =1 +ij,j = 1,...,8,
and

T = 2S+i2+i3+"‘+i5+d2—|—d3+"‘+ds,

Ty = 2s—1)+iz+--+is+Hdy+ -+ ds,

Tso1 = 4+is+ ds;
T 2,
$5+1 - ]_
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Then, A\j11 — A\ > 1 and y; > 1. We also have 2; — 241 =2+t +djp1 = 14+ 4541 +
1 +d; = Njt2 — A\j+1 + y;+2. Finally, the weight of the plane partitions are:
(_1)d17c1+1 — (_1)(yQ*l)7(28+i2+"'+is+d2+"'+ds+(1+’il)*2)+17
— (_1)y2717(a:1+>\2*>\172)+17
— (_1)?;2—1"1—)\24-)\1'

Conversely, it is easy to see that, given a type R plane partition satisfying conditions
i, i1, and iii, we can associate to it a unique matrix of the form (3.1). O

Now, consider the third-order mock theta function:

o) =3 T

In [7] this mock theta function was shown to be the generating function for two-line

matrices of the form
Ci Co C3 -+ Cg
(ch dy dy - ds> (3:6)

with non-negative integer entries satisfying

cs =1,
Cy = 2 + Ct+1 + dt+17
20d (3.7)
Yoat+ Yy di=mn,
and weight (—1)z Zi=1
From the restrictions in (3.7), we can rewrite matrix (3.6) as:
(2s—1)4+2do+---+2ds --- 3+2ds 1 (3.8)
2d; oo 2ds—1 2ds, ) '

We associate a three-line matrix to (3.8) by putting 0 as the ¢-th entry of a new third
row:

(25 —1)+2dy+---+2ds -~ 3+2d, 1
2d; e 2y 2dy . (3.9)

Note that matrix (3.9) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

25+ 2dy + - +2dy - A+ 2d, 2
1+ 2d o 142dyy 1+2ds |- (3.10)
1 1 1

ReviSeM, Year 2024, N°. 3, 78-123 86



Spreafico and Silva

This procedure can be easily reverted to get (3.6) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.10). The next theorem presents the result for
the mock theta function ¢(g). In this theorem, we use the parameters from Figure 4 to
describe the plane partitions.

Theorem 3.2. The mock theta function ¢(q) is the generating function for type R
plane partitions having weight (—1)%(_5“21221 v)) and satisfying:
.M =1, A=A =1,
. y1 = 1,y; = 1(mod 2),
W Top1 = L2 =225 —xj11 =1+ yjq1.

Proof. The plane partitions obtained from (3.10) have the parameters
Y1 = ]., Yy = ].+2dj_1, then Yy = 1<H10d 2), fOI'j = 2,...,S+1, /\1 = ]., >‘j+1 _/\j =
1,7=1,...,s, and

T = 28+2d2+2d3++2ds,
Ty = 2(s—1)+2d3+ -+ 2d;,

Ts—1 = 4+ 2dsu

T = 2,

Tgr1 — 1.
Then, we also have x; — ;41 =2+ d;jy1 =1+ 14441 = 1 + y;42. Finally, the weight
of the plane partitions are:

(—1)2 i = (—1)3(-s+ (v,

since dj = yj41 — 1, for j =1,...,s.
Conversely, it is easy to see that, given a type R plane partition satisfying conditions
i, i1, and 744, we can associate to it a unique matrix of the form (3.10). H

Using the analogous idea, consider the third-order mock theta function.

U(q) = ZO (q,qT)n

Thus, ©(q) is the generating function for two-line matrices of the form

¢ € C3 -+ Cg
(dl oo ds) (3.11)
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with non-negative integer entries satisfying

cs =1,
C = 2 + Ct+1 + th+1, (312)
th+zdt =n.

The procedure described in the last subsection associates a unique type R plane
partitions given by the following result.

Theorem 3.3. The mock theta function 1(q) is the generating function for type R
plane partitions and satisfying:

7. A\ = 1,)\j - >\j71 =1,
iy =1,y; > 1,
W o = 1,0, =2,2; — Tj41 = 2yj41.

Proof. From the restrictions in (3.12), we can rewrite matrix (3.11) as:

(3.13)

(2s—1)+2do+---+2ds --- 3+2ds 1
dl ds—l ds )

We associate a three-line matrix to (3.13) by putting 0 as the ¢-th entry of a new third
row:

(2s—1)+2dy+---+2d, - 3+2ds 1
dy cdely ds - (3.14)

Note that matrix (3.14) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

25 +2do + -+ 2ds -+ 4+ 2d; 2
14 d o 14dey 14dg |- (3.15)
Therefore, proceeding as Theorem 3.2 the result is provided. O

The following third-order mock theta function considered is

X(q> _ Z (_Q; Q>nqn

— 343 :
= (=% ¢%)n
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This mock theta function is the generating function for two-line matrices of the form

Ci Cyp C3 -+ Cg
(400 ) 5

with non-negative integer entries satisfying

cs €4{1,2}
Cy = it + Ctt1 + dt+1, it € {2, 3}
S (3.17)

th—i-Zdt:n

and weight (—1)%Zf:1df. Then, the next theorem describes the set of restricted plane
partitions that the mock theta function x(¢) is a generating function.

Theorem 3.4. The mock theta function x(q) is the generating function for type R
plane partitions having weight (—1)%(’”(2?5 v) and satisfying:

’Z. >\1:1;3§)\j_>\j—1§47
. y1 = 1,y; = 1(mod 3),
119, Lst1 = 1,1’3: 1,Ij—l’j+1 :/\j+1—)\j+yj+1—2.

Proof. Recall the interpretation for x(q) as the generating functions for the set of two-
line matrices in the form (3.17) with restrictions (3.16). From the restrictions in (3.17),
we can rewrite matrix (3.16) as:

<i3+i51+i32—|—-~+i1+3d2—|—-'-—|—3d3 s dgtis—1+3ds 0 ) (3.18)

3d; ar 3ds—1 3ds

We associate a three-line matrix to (3.18) by subtracting i; from the ¢-th entry in the
first row and putting ¢; as the ¢t-th entry of a new third row:

is4is 1 +isod--Fig+3dy+---+3ds - is+3ds O
3d oo 3de_y  3d (3.19)
il te Z.s—l is

Note that matrix (3.19) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

1+Zs+1371+2572++12+3d2++3d5 1+Zs+3ds 1
1+ 3dy o 143dy 1+43ds |. (3.20)
1+ I+is1 1+is
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This procedure can be easily reverted to get (3.16) again. Now we can use the
procedure described in the last subsection to associate a unique type R plane partition
to each matrix (3.20). The plane partitions obtained from (3.20) have the parameters
1 =1,y; = 143d;_1, then y; = 1(mod 3), for j =2,...,s+1, \y = 1, \jj1—\; = 14145,
since i € {2,3} then 3 < \; —\;_; <4.for j=1,...,s. Also,

T = 1+Z'S+Z'371+’i372+"'+i2+3d2+"'+3ds,
Ty = 1+1i,+ 3d,,
Lgt1 — 1.

Then, we have x; — x;41 = 1; + 3d; = \jx1 — Aj + y;41 — 2. Finally, the weight of the
plane partitions are:

(—1)3 Zimade = (—1)5(=s+(E v,

since dj = yj41 — 1, for j =1,...,s.
Conversely, it is easy to see that, given a type R plane partition satisfying conditions
i, 11, and 7ii, we can associate to it a unique matrix of the form (3.20).
m

The analogous process can be applied to the Third-order mock theta function

> 2n(n+1)+1

qu(q) = Q_T,
— (¢ %)t

generating function for two-line matrices of the form

Ci Cy C3 -+ Cg
(500 ) .

with non-negative integer entries satisfying

c, =1
Ct = Ct41 + 2dt+1, (322)

Yoo+ > di=n.
And also for the third-order mock theta function
n(n+1)

v(g) =y~

n=0 (_Qa q )n—f—l7
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generating function for two-line matrices of the form

¢ C C3 -+ Cg
(dl woa ds) (3.23)

with non-negative integer entries satisfying

c, =10
Cy = 2+ Ct+1 + 2dt+1 (324)

th+2dt:n

and weight (—1)". The following results are the interpretations in terms of plane par-
titions for them, respectively.

Theorem 3.5. The mock theta function qw(q) is the generating function for type R
plane partitions and satisfying:

1. )\1:1, /\j_)\j—lzly
1. Y = 17yj Z 1,
Wi, Top1 = 1,05 = 2,25 — Tj41 = 2(yj41 — 1), 2; = 0(mod 2).

Theorem 3.6. The mock theta function v(q) is the generating function for type R
plane partitions having weight (—1)2=17+ve41 and satisfying:

.M =1, A -\ =1,

w. oy =1y; =1,
1. Tsp = Lxg =105 — 241 = 2yj42 — 1.

The next third-order mock theta function treated is
i (=4 ¢*)nrg®" Y

(=3 ¢%) 41

plq) =

n=0

In [7] this mock theta function was shown to be the generating function for two-line

matrices of the form
Ci Cy C3 -+ Cg
( A ds) (3.25)
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with non-negative integer entries satisfying

cs € {0,1}

¢t =4+ cpy1 + 2dyyq, if ¢, 01 both even

¢t =5+ c¢y1 + 2dyyq, if one even one odd (3.26)

¢t =6+ cpy1 + 2diyq, if ¢, 01 both odd '

3| dy

Yoo+ di=n.

From the restrictions in (3.26), we can rewrite matrix (3.25) as:
< 4(s = 1) +is +is-1 +is2+ - +iy +6dy+---+6ds -+ 4d+is+is_1+6ds i )
3dy 3ds—1 3ds )’
(3.27)

0, ijt i; = ijtﬂ i; =0 (mod 2),
L, ijt ij # Zj‘:tJrl ij (mod 2),
2, Yty =20 0 =1 (mod 2).

We associate a three-line matrix to (3.27) by subtracting i, from the ¢-th entry in
the first row and putting ¢; as the ¢t-th entry of a new third row:

with i € {0,1} and 4, =

4(s = 1) +is+is—1 +is—2+ - +ig+3do+---+3ds -+ 4+is+3d; 0
3dy 3ds—1 3ds
il Z'sfl is

(3.28)
Then, in order to obtain a type R plane partition, we add 1 to each entry of this matrix,
obtaining:

As — 34 is+is_1 +isp+ - iz +3de+---+3ds -+ s+is+3ds 1
1+ 3d; o 143ds—1 1+ 3ds
1+ R B M T NN

(3.29)
From the matrix representation (3.29), the next theorem presents the result for the
mock theta function y(g) in terms of plane partitions.

Theorem 3.7. The mock theta function p(q) is the generating function for type R
plane partitions having weight (—1)%(_”(2?221 v) and satisfying:

A =10L1<N =00 <3, 1< A — A <2,
ii. y1 = 1,y; = 1(mod 3),

121, Lgt1 = 1,1‘8 = 1,£L‘j —Tjy1 = 2+ >\j+2 — )\j+1 + Yj+2-
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Proof. Recall the preceding discussion Recall the interpretation for x(g) as the generat-
ing functions for the set of two-line matrices in the form (3.25) with restrictions (3.26).
As a preceding building, the three-line matrix representation is given by (3.29), namely,

4s =3+ is+ 51 +is—2+---+ig+3de+---+3ds - Ss+is+ 3ds 1
1+ 3d; coo 143ds—1 1+ 3ds
14+ 141251 1+,

The plane partitions obtained from (3.29) have the parameters
1 =1,y; = 143d;_1, theny; = I(mod 3), for j =2,...,s+1, \y = 1, \jp1 —\; = 14145,
since iy € {0,1} then 1 < Ay — A1 <2,and 1 <\ — )\ <3, forj=1,...,5—1.
Also,

T = 4s—3+is+ 151 +is o+ -+ 1o+ 3dy+ -+ 3ds,
Ty = S+ 15+ 3d,,
Tgr1 — 1.

Then, we have x; — x;41 = 7; + 3d; = A\jx1 — Aj + y;41 — 2. Finally, the weight of the
plane partitions are:

(—1)8Zimade = (—1)5(=s+(E w))

Y

since dj = yj41 — 1, for j =1,...,s.
Conversely, it is easy to see that, given a type R plane partition satisfying conditions
i, i1, and 477, we can associate to it a unique matrix of the form (3.20). O

Consider, for example, the third-order mock theta function:

fola) = Z(_qq—q)

n=0

where (a;q)o = 1 and (a;q), = Z;é(l — ag®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form

Ci Cp C3 -+ Cg

( A dy ds - d ) (3.30)

with non-negative integer entries satisfying

c, =1

Cy = 2+ Ct+1 + dt+1 (331)

th—i—Zdt:n
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and weight (—1)2i=1%_ From the restrictions in (3.31), we can rewrite matrix (3.30)
as:

(3.32)

(2s —1)+do+---+ds -+ 3+ds 1
dl dsfl ds ’

We associate a three-line matrix to (3.32) by putting 0 as the ¢-th entry of a new third

TOw:
dq e dsq ds ).

(3.33)

Note that matrix (3.33) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

2 +dy+ o tds oo A+d, 2
1+ d o Llddey 14ds |- (3.34)

This procedure can be easily reverted to get (3.30) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.34). The next theorem presents the result for
the mock theta function fo(q). In this theorem, we use the parameters from Figure 4
to describe the plane partitions.

Theorem 3.8. The mock theta function fo(q) is the generating function for type R
plane partitions having weight (—1)(_”(2?;1 v)) and satisfying:

1. )\1:1, /\j_)\j—lzly
1. hn = 17% > 17
W Top1 = 1,05 =2, — xjp1 = 1+ yj10.

Proof. O

Consider, for example, the third-order mock theta function:

n=0

o2n?

@?)n’
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where (a;q)o = 1 and (a;q), = Z;é(l — ag®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form

Ci Cp C3 -+ Cg

( d dy ds - d. ) (3.35)

with non-negative integer entries satisfying

cs = 2

Cy = 4+ Ct+1 + dt+1 (336)

th+2dt:n

From the restrictions in (3.36), we can rewrite matrix (3.35) as:

(2(23—1)+d2+~-+d5 <o 6+ dg 2>

dy N (3.37)

We associate a three-line matrix to (3.37) by putting 0 as the ¢-th entry of a new third
row:

dy e de dy |- (3.38)

Note that matrix (3.33) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

4s —1+dy+---+ds -+ T+ds 3
1+d; oo 14+dsq 14+ds |. (3.39)
1 1 1

This procedure can be easily reverted to get (3.35) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.39). The next theorem presents the result for
the mock theta function Fy(g). In this theorem, we use the parameters from Figure 4
to describe the plane partitions.

Theorem 3.9. The mock theta function Fy(q) is the generating function for type R
plane partitions satisfying:

1. )\1 = 1, /\] _)\j—l = 1,
1. Y = 17yj Z 1,

121, Lgt1 = 1,1‘8 = 3,£L‘j — Tjt1 = Yj+2 + 3.
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Proof. O]

Consider, for example, the third-order mock theta function:

Wo() = 1+ 5 > (~Lia)agH),

where (a;q)o = 1 and (a;q), = Z;é(l — ag®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form

€1 G C3 -+ G

( A ) (3.40)

with non-negative integer entries satisfying

c, =1

ds =0

Cy = 1+ Ct+1 + dt+1 (341)

dt € {07 1}

th—l—Zdt:n

From the restrictions in (3.41), we can rewrite matrix (3.40) as:

s+do+---ds_1 - 2 1
< i o 0). (3.42)

We associate a three-line matrix to (3.42) by putting 0 as the ¢-th entry of a new third
row:

s+dp+---+ds—qy - 2 1
4 dey 0. (3.43)
0 .0 0

Note that matrix (3.43) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

l+s+dot-+ds, -+ 3 2
14 d; e 14dsq 1 . (3.44)
1

1 1

This procedure can be easily reverted to get (3.40) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.44). The next theorem presents the result for
the mock theta function Wy(g). In this theorem, we use the parameters from Figure 4
to describe the plane partitions.
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Theorem 3.10. The mock theta function Wo(q) is the generating function for type R
plane partitions satisfying:

1. )\1 = 1, /\j _)\j—l = 1,
iy =1, ysp1 = 1,0 < |y; —y;a| <1,
W Tsp1 = 1,05 =2,051 =3,%; — Tjy1 = Yj42-

Proof. O]

Consider, for example, the third-order mock theta function:

o0

TL2
®o(q) = Y (=¢:¢*)nd"
n=1
where (a;q)o = 1 and (a;9), = [[1—o(1 — ag") for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
€ C C3 -+ Cs
( A ) (3.45)
with non-negative integer entries satisfying
cs € {1,2}
Ct =2+ cpy1 + 2dp
d; € {0,1} (3.46)
E C + Z dt =N
From the restrictions in (3.46), we can rewrite matrix (3.45) as:
2s+cs+2do+---2ds -+ 24cs+2ds cs
(resdhe e o) o

We associate a three-line matrix to (3.47) by putting 0 as the ¢-th entry of a new third
row:

23+Cs+2d2+"'2ds 2+Cs+2ds Cs
4, o de dy (3.48)
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Note that matrix (3.48) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

(25+1)+Cs+2d2+2ds 3+Cs+2ds 1+¢cs
1+d; o 14dyy 14ds |- (3.49)

This procedure can be easily reverted to get (3.45) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.49). The next theorem presents the result for
the mock theta function ®y(g). In this theorem, we use the parameters from Figure 4
to describe the plane partitions.

Theorem 3.11. The mock theta function ®y(q) is the generating function for type R
plane partitions satisfying:

1. )\1:1, )\j—)\jflzl,
iy =1,0] <yj —yin| <1,
1. Loyl = 1, 2 S Ts S 3,[Ej —Tjy1 = Q(yj+2).

Proof. m

Consider, for example, the third-order mock theta function:

@=3 I
fl q) = ’
— (=q;q)n
where (a;q)o = 1 and (a;q), = Z;é(l — ag®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
Ci Cy C3 -+ Cg
( A dy ds - d ) (3.50)
with non-negative integer entries satisfying
Ccs = 2
C = 2 + Ct+1 + dt+1 (351)

th—{—Zdt:n
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and weight (—1)2i=1% From the restrictions in (3.51), we can rewrite matrix (3.50) as:

<2s+d2+~-ds < 4+ dg 2>

dy e dey d (3.52)

We associate a three-line matrix to (3.52) by putting 0 as the ¢-th entry of a new third
row:

2 +dy+--dy - Addg 2
dy s dely ds - (3.53)

Note that matrix (3.53) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

1+2s+do+---ds -+ 5H+ds 3
1+d; oo 14dsy 14ds | (3.54)
1 1 1

This procedure can be easily reverted to get (3.50) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.54). The next theorem presents the result for
the mock theta function fi(¢). In this theorem, we use the parameters from Figure 4
to describe the plane partitions.

Theorem 3.12. The mock theta function fi1(q) is the generating function for type R
plane partitions having weight (—1)(_”(2:;ré v) and satisfying:

1. )\1:1, )\j—)\jflzl,
Ww. Y = 17yj > 1,
1. Loyl = 1,1’523,13j—$j+1 :yj+2+1'

Proof. m

Consider, for example, the third-order mock theta function:

2n242n

Fi(q) = Z (;fﬁ7

n=1
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where (a;q)o = 1 and (a;q), = Z;é(l — ag®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of

the form
Ci Cp C3 -+ Cg
(ch i 4 . ds) (3.55)

with non-negative integer entries satisfying

cs =0
C = 4 + Ct41 + 2dt+1 (356)
Z Ct + Z dt =N

From the restrictions in (3.56), we can rewrite matrix (3.55) as:

<4s+2d2+-~2d5 s A+ 2dy 0>

dy o de d (3.57)

We associate a three-line matrix to (3.57) by putting 0 as the ¢-th entry of a new third
row:

ds+2dy+---dg -+ 4+2dg 0
dy o dely ds . (3.58)

Note that matrix (3.58) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

1+4s+2dy+---2ds -+ 5+ 2ds 1
1+d; oo 14+dsq 1+ds |. (3.59)
1 1 1

This procedure can be easily reverted to get (3.55) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.59). The next theorem presents the result for
the mock theta function Fj(q). In this theorem, we use the parameters from Figure 4
to describe the plane partitions.

Theorem 3.13. The mock theta function Fy(q) is the generating function for type R
plane partitions satisfying:

1. )\1 = 1, /\] _)\j—l = 1,
1. Y = 17yj Z 1,

121, Lgt1 = 1,1‘8 = 1,ZL‘j —Tjp1 = 2+ 2yj+2'
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Proof. O]

Consider, for example, the third-order mock theta function:

o0

n+1
Vi(g) = Z(—q;Q)nq( 2),
n=1
where (a;q)o = 1 and (a;9), = [[1—g(1 — ag") for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
€1 G C3 -+ G
( A dy dy - d. ) (3.60)
with non-negative integer entries satisfying
c, =1
=1+ cy1+dipr
d; € {0,1} (3.61)
Z Ct + Z dt =N
From the restrictions in (3.61), we can rewrite matrix (3.60) as:
stdytdeq - 24dy 1
(it v 2rd 1Y .

We associate a three-line matrix to (3.62) by putting 0 as the ¢-th entry of a new third
TOW:

stdyt+ootdey 0 24ds 1
d e dey ds . (3.63)

Note that matrix (3.63) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

l+s+dy+---+dsy -+ 3+ds 2
1+d; oo 14dsr 1+ds | (3.64)
1 1 1

This procedure can be easily reverted to get (3.60) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.64). The next theorem presents the result for
the mock theta function Wy(g). In this theorem, we use the parameters from Figure 4
to describe the plane partitions.
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Theorem 3.14. The mock theta function Vi(q) is the generating function for type R
plane partitions satisfying:

.M =1, -\ =1,
iy =10 <y —yia| <1,
W Tsp1 = 1,04 = 2,05 — Tj1 = Yjqo.
Proof. O]

Consider, for example, the third-order mock theta function:

n 2
®1(q) =Y (—:0)ng"™ ",
n=1
where (a;q)o = 1 and (a;9), = [[1—g(1 — ag") for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
Ci Cy C3 -+ Cg
( di dy dy - d ) (3.65)
with non-negative integer entries satisfying
c, =1
ds =0
Ct — 2+ Ct+1 + 2dt+1 (366)
d, € {0,1}

Ect+2dt:n

From the restrictions in (3.66), we can rewrite matrix (3.65) as:

(3.67)

2s+1+2dog+---2ds—q --- 3 1
d e dyq, 0 )

We associate a three-line matrix to (3.67) by putting 0 as the ¢-th entry of a new third

TOW:
2s+1+2dy+---2ds_1 -~ 3 1
d e deq O . (3.68)
0

0 0
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Note that matrix (3.68) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

(2s+2)+2dy+---2ds—q - 4 2
1+d; e 14+deq 1 . (3.69)
1 1 1

This procedure can be easily reverted to get (3.65) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.69). The next theorem presents the result for
the mock theta function ®;(g). In this theorem, we use the parameters from Figure 4
to describe the plane partitions.

Theorem 3.15. The mock theta function ®1(q) is the generating function for type R
plane partitions satisfying:

A =10-ANg=1,
i = Yst1 = 1,0 < |y; —yj] <1,
W Top1 = 1,05 =2, 051 =4,7; — Tj1 = 2Yj42.
Proof. m

Consider, for example, the third-order mock theta function:

= @ 2)ng"”
Z

— q)zn
where (a;¢)o = 1 and (a;q), = Z;O(l — aq®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
€1 G €3 -+ G
( A ) (3.70)

with non-negative integer entries satisfying

¢, = 0 and s even
¢y = Uy + 41 + dy1 Where { e {1,2}, if is odd

1y =0, if ¢ is even, (3.71)
Z Ct + Z dt =N

ReviSeM, Year 2024, N°. 3, 78-123 103



Spreafico and Silva

and weight (—1)*%. From the restrictions in (3.71), we can rewrite matrix (3.70) as:

(’i1+’i2+i3+"‘is—1+d2+"'ds o ds—1 tds 0)

d . do s d, (3.72)

We associate a three-line matrix to (3.72) by subtracting i; from the ¢-th entry in the
first row and putting i; as the ¢t-th entry of a new third row:

o+ +is1+do+---+ds --- ds 0
dy v dey d (3.73)
71 R P |

Note that matrix (3.73) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

1+i0+--+ig1+do+---+ds --- 1+ds 1
1+ d; o 14+de—1 14ds . (3.74)
144 s 14dgq 1

This procedure can be easily reverted to get (3.74) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.74). The next theorem presents the result for
the mock theta function ®(g). In this theorem, we use the parameters from Figure 4
to describe the plane partitions.

Theorem 3.16. The mock theta function ®(q) is the generating function for type R
plane partitions having weight (—1)*17Y2 satisfying:

. an even number of different parts,
i A =1 A1 — A =11 <A — A\j_y <3,
i,y = 1,95 > 1,
W, Tsp1 = 1,25 =1,2; —xj11 = Njyo — Ajr1 + Yjpa — 2.
Proof. O]

Consider, for example, the third-order mock theta function:

U(g) =3 (—1)<”_(i11; ?)ut "

0 S q)2nt1
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where (a;q)o = 1 and (a;q), = Z;é(l — ag®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
€1 C2 C3 -+ G
( A B ) (3.75)

with non-negative integer entries satisfying

¢s = 1 and s odd
i € {1,2}, if t odd

i, =0, otherwise, (3.76)

¢y = 1y + ¢py1 + dyyy Where {
ZCt + Zdt =N

and weight (—1) =1 if s £ 1, (—=1)9 if s = 1,. From the restrictions in (3.76), we
can rewrite matrix (3.75) as:

(il+i2+i3+-"i8_1+d2+"‘ds oo 1451 +ds 1 )

d o do s d. (3.77)

We associate a three-line matrix to (3.77) by subtracting i; from the ¢-th entry in the
first row and putting 4; as the ¢t-th entry of a new third row:

Ltig4 - +igg+dot+-+ds - 1+ds 1
d codelr ds . (3.78)
i e e 0

Note that matrix (3.78) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

2+ig+ - Fis1tdo - +ds - 24ds 2
14+ d; <o 14ds1 14ds . (3.79)
144 | 1

This procedure can be easily reverted to get (3.79) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.79). The next theorem presents the result for
the mock theta function W(g). In this theorem, we use the parameters from Figure 4
to describe the plane partitions.

Theorem 3.17. The mock theta function V(q) is the generating function for type R
plane partitions having weight (—1)*12 42 if s £ 1 (=1)¥2, if s = 1, and satisfying:

. an odd number of different parts,
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i A =1 A1 — A =11 <\ — A\j_y <3,
i, yi = 1,y; > 1,
W. Top1 = 1,25 =2, — Tjp1 = Njp2 — Njr1 + Yy — 2.
Proof. O

Consider, for example, the third-order mock theta function:

%) n+1
(~1)"(~q: @)ua"*)
pl) =) — :
n=0 (Q7 q )n+1
where (a;q)o = 1 and (a;q), = [[1—4(1 — ag") for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
Ci Cp C3 -+ Cg
( A dy dy - d ) (3.80)
with non-negative integer entries satisfying
c, =0
Cy = th + Ci+1 + 2dt+1 where it € {1, 2}, (381)

Z Ct -+ Z dt =N
From the restrictions in (3.81), we can rewrite matrix (3.80) as:

(il—i—ig—l—ig—l-"‘is—l+2d2+"'2d5 o dg—1+2ds 0 ) (3.82)

dl te dsfl ds

We associate a three-line matrix to (3.82) by subtracting i; from the ¢-th entry in the
first row and putting ; as the t-th entry of a new third row:

o+ Fis1+2do+---+2ds --- 2d; O
d s dey dy | (3.83)
i e PR

Note that matrix (3.83) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

1+ido+--+is1+2do+---+2ds --- 1+ 2d; 1
14+ d; <o 14dsq1 14 dg . (3.84)
14141 s T4t 1
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This procedure can be easily reverted to get (3.84) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.84). The next theorem presents the result for
the mock theta function p(¢). In this theorem, we use the parameters from Figure 4 to
describe the plane partitions.

Theorem 3.18. The mock theta function p(q) is the generating function for type R
plane partitions satisfying:

A =1 A — A =1,2< A — Ay <3,
1. ylz]_,ijL
111, Lsp1 = 1,1’5 = 1,1’]' —Tjp1 = /\j+2 - )‘j—i—l + 2yj+2 - 3.
Proof. O]

Consider, for example, the third-order mock theta function:

0o n+2
(1" (= g2
LHOEDY — ,
n=0 (q7 q )n+1
n—1 k cpe . .
where (a;q)o = 1 and (a;q)n = [[,_o(1 — ag®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
Ci Cp C3 -+ Cg
( N ) (3.85)
with non-negative integer entries satisfying
c, =1
Cy = it + Ct+1 + th+1 where it € {]_, 2}, (386)

Z Ct -+ Z dt =N
From the restrictions in (3.86), we can rewrite matrix (3.85) as:

<1+i1+i2+i3+"'is1+2d2+"'2ds o i+ 2ds 1 ) (3.87)

dl T ds—l ds

We associate a three-line matrix to (3.87) by subtracting i; from the ¢-th entry in the
first row and putting ¢; as the ¢t-th entry of a new third row:

L+ig+ - dig1+2do+--+2ds - 1+2dy 1
dy e dey dy . (3.88)
i isq 0
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Note that matrix (3.88) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

24 i+ g1 +2do+ -+ 2ds -0 24 2d, 2
1+ dq s 14+dsq1 14ds . (389)
1+ s 14151 1

This procedure can be easily reverted to get (3.89) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.89). The next theorem presents the result for
the mock theta function o(q). In this theorem, we use the parameters from Figure 4 to
describe the plane partitions.

Theorem 3.19. The mock theta function o(q) is the generating function for type R
plane partitions satisfying:

M =LA — A =12\ = A <3,
iy =1,y > 1,
0. Tsp1 = 1,05 = 2,25 — xj11 = Njp2 — Ajp1 + 2542 — 3.
Proof. m

Consider, for example, the third-order mock theta function:

o~ (=1)"q"(@:4)n
AMq) = :
where (a;q)o = 1 and (a;q), = Z;é(l — aq®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
Ci Cp C3 -+ Cg
( A dy dy - d ) (3.90)

with non-negative integer entries satisfying

cs = 141415 >0,

¢t =iy + ctp1 + 2diq where 7 >0
d, € {0,1}

e+ > di=mn

(3.91)
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and weight (—1)s~1*+2i=1%  From the restrictions in (3.91), we can rewrite matrix
(3.122) as:

<1+z‘1+z‘2+z’3+---is_1+2dz+~--2ds+is e s+ 2ds 44 1+i5> (3.92)
dy ds_1 ds o

We associate a three-line matrix to (3.92) by subtracting i; from the ¢-th entry in the
first row and putting i; as the ¢-th entry of a new third row:

Ldig+ - Fisq+2do+-+2ds+is -+ 14+2ds+is 1
dy - der  ds |- (3.93)
i1 Z.5—1 is

Note that matrix (3.93) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

24dg+ - Hig_1 +2da+ -+ 2ds i - 24 2ds + i 2
1+d; 1+ds_1 1+ dg . (3.94)
144 141251 1+,

This procedure can be easily reverted to get (3.99) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.99). The next theorem presents the result for
the mock theta function A(g). In this theorem, we use the parameters from Figure 4 to
describe the plane partitions.

Theorem 3.20. The mock theta function A(q) is the generating function for type R
plane partitions having weight (—1)"’31“‘2*)‘1*2?:% vt and satisfying

i A =10 - > 1,
. y1=1,0 < |y; —yja] <1,
1. Tsp1 = 1,25 = 2,25 — xj11 = Njp2 — ANjp1 + 2yj42 — 3.
Proof. O]

Consider, for example, the third-order mock theta function:

(q) = ZM,

3. 43
— (0% ¢%)n
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where (a;q)o = 1 and (a;q), = Z;é(l — ag®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
Ci Cp C3 -+ Cg
( A dy dy - d ) (3.95)

with non-negative integer entries satisfying

cs € {1,2}

:C))tl:d iy + i1 + dyoy where iy € {2,3} (3.96)

t

th—l—Zdt:n

and weight (—1)"*+2i=2%_ From the restrictions in (3.91), we can rewrite matrix
(3.122) as:

(z‘1+z‘2+z‘3+---i8_1+3d2+--.3d5+c8 ce g1+ 3ds + cs cs>

3d; e 3ds—1 3ds (3.97)

We associate a three-line matrix to (3.97) by subtracting i; from the ¢-th entry in the
first row and putting ¢; as the t-th entry of a new third row:

Gg 44 is 1 +3da 4 +3ds+cs - 3dstes cs
3d, o 3dey 3ds . (3.98)
i . Gs_1 0

Note that matrix (3.98) may have zero entries. Then, in order to obtain a type R plane
partition, we add 1 to each entry of this matrix, obtaining:

1+d0+4+--+is-1+3da+---+3ds+cs -+ 143ds+cs 1+c
1+ 3d; o 143dey 143dy |, (3.99)

This procedure can be easily reverted to get (3.99) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.99). The next theorem presents the result for
the mock theta function v(g). In this theorem, we use the parameters from Figure 4 to
describe the plane partitions.

Theorem 3.21. The mock theta function vy(q) is the generating function for type R
plane partitions having weight (—1)""1+’\2_A1—1+%(—(5—1)+Zf:2 ve+1) - and satisfying

i. >\1:17>\s+1_>\s:172§)\j_>\j—1§37
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i. y1=1,y; = 1 (mod 3),
1. Loyl = 1, 2 S Ts S S,ZL'j —Tjy1 = )‘j+2 — /\j+1 + 3yj+2 — 4.
Proof. O]

Consider, for example, the third-order mock theta function:

o0 an
Folg) = Z ("t q)n’

n=0
where (a;q)o = 1 and (a;q), = [[}—o(1 — ag") for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
€1 C2 C3 -+ Cs
( d dy ds - d. ) (3.100)
with non-negative integer entries satisfying
cs =1,
s+ 1)|dy,
( >| ' di+1 (3101)
Ct :2+Ct+l+ PR
Z Ct + Z dt = n.
From the restrictions in (3.123), we can rewrite matrix (3.122) as:
2s—1+e+---+e; - 3+es 1
3.102
( (s +1)ey <o (s+1)es—1 (s+1)es > ’ ( )

where d; = (s + 1)e;. We associate a three-line matrix to (3.124) un the following way:

2s+ex+---+es 4+ e 2
1+ (s+1)e; o 14 (s+1)es—1 1+ (s+1es | . (3.103)
1 1 1

This procedure can be easily reverted to get (3.126) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.126). The next theorem presents the result
for the mock theta function Fo(q). In this theorem, we use the parameters from Figure
4 to describe the plane partitions.

Theorem 3.22. The mock theta function Fy(q) is the generating function for type R
plane partitions satisfying
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. =1L -2 =1,
ii. y1 = 1,y; = 1(mod m), where m is the number of different summands,
i, Top1 = 1,05 = 2,1 — x4y = 2+ BE2L
Proof. O]

Consider, for example, the third-order mock theta function:

o'e] 2
qn
Filg) = :
= (q"; q)n
where (a;q)o = 1 and (a;q), = Z;é(l — ag®) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
Ci Cp C3 -+ Cg
( L4 d ) (3.104)
with non-negative integer entries satisfying
cs =1,
S‘dt,
3.105
Ct:2+ct+1+dt;—1: ( )
Yoo+ > di=n.
From the restrictions in (3.123), we can rewrite matrix (3.122) as:
<2s—1+e2+---+es v 34es 1 ) (3.106)
seq e Ses—1  Ses

where d; = se;. We associate a three-line matrix to (3.124) un the following way:

2s+eg+---+es - 4+e 2
1+ se; coo 14-ses—1 14+ses |. (3.107)
1 1 1

This procedure can be easily reverted to get (3.126) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.126). The next theorem presents the result
for the mock theta function Fi(q). In this theorem, we use the parameters from Figure
4 to describe the plane partitions.
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Theorem 3.23. The mock theta function Fi(q) is the generating function for type R
plane partitions satisfying

1. )\1 = 17)\j - >\j*1 - 1,
ii. y1 = 1,y; = 1(mod m — 1), where m is the number of different summands,

a1
Wi Topr = 1,05 = 2,05 — xj4q = 24 L2

Proof. O]

Consider, for example, the third-order mock theta function:

o0 qn2+n
Fol) = D o
% (" @Qnta
where (a;¢)o = 1 and (a;q), = [[1—s(1 — ag*) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
€t C C3 -+ G
( A dy ds - d ) (3.108)
with non-negative integer entries satisfying
cs =0,
S‘dt,
3.109
Ct:2+ct+1+dt:17 ( )
Yoc+ > di=n.
From the restrictions in (3.123), we can rewrite matrix (3.122) as:
(2(8—1)+62+"'+65 v 34e 0 ) (3.110)
sey <. Seg_1 Seg

where d; = se;. We associate a three-line matrix to (3.124) un the following way:

2s—1+es+---+es - 3+ e 1
1+ sep v 145851 14+ses |. (3.111)
1 1 1

This procedure can be easily reverted to get (3.126) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.126). The next theorem presents the result
for the mock theta function F3(q). In this theorem, we use the parameters from Figure
4 to describe the plane partitions.
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Theorem 3.24. The mock theta function Fs(q) is the generating function for type R
plane partitions satisfying

1. )\1 = 1,)\]‘ - /\j—l = ]_,
ii. y1 = 1,y; = 1(mod m — 1), where m is the number of different summands,

Y 2—1
W Toyp1 = 1= 24,25 — Tjy1 = 2+ L2,

Proof. m
Consider, for example, the third-order mock theta function:
0" (=4, ¢*)n
Sofg) =Y L
ol ,; (—4%4*)n

where (a;¢)o = 1 and (a;q), = [[1—s(1 — ag¥) for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of

the form
Ci Cp C3 -+ Cg4
( d dy dy - d ) (3.112)

with non-negative integer entries satisfying

cs €1{1,2}
2|dy,
2+ cip1 + diyy, if ¢ = 1 = 1(mod 2)

. 3.113
Ct = 3+ Ct+1 + dt+17 if Ct 71_—f Ct+1(m0d 2) ( )
4+ Ct+1 + dt+1, if Ct = Ciy1 = O(mod 2)
Z Ct + Z dt =n,
and having height (—1)z Zi=1%_ We rewrite conditions (3.123) as:
cs = 1+is,1, € {0,1}
dt = 2€t,
Ct :2+it+ct+1 +26t+17t: 15"'75_ 172.7& € {07172}7
0, if ¢; = ¢;11 = 1(mod 2) (3.114)
where i; = ¢ 1, if ¢; Z ¢;41(mod 2)

2, if ¢, = ¢;11 = 0(mod 2)

Yo+ di=n,
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and weight given by (—1)Xi=1¢_ From the restrictions in (3.114), we can rewrite matrix
(3.122) as:

< 2s—1+4+i1+ - +is—1+is+2e+---+2e5 -+ 3+is_1+is+2es 1+ )
2e1 2es_1 2e, ’
(3.115)
We associate a three-line matrix to (3.124) un the following way:
2s4+t9+ -4 i5_1+is+2e+ - +2¢5 -0 d4ig5+ 2eg 2
1+ 2e s 1421 142 |. (3.116)
1+ o T4ier 14

This procedure can be easily reverted to get (3.126) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.126). The next theorem presents the result
for the mock theta function Sy(g). In this theorem, we use the parameters from Figure
4 to describe the plane partitions.

Theorem 3.25. The mock theta function So(q) is the generating function for type R
plane partitions having weight (—1)%Z§:1(yf_1) and satisfying:

i A1 =1, 011 — A5 € {1,2},
. y1 = 1,y; = 1(mod 2),
1. Tsp1 = 1,25 = 2,25 — Tjp1 = Njp2 — Njp1 + Yjqo.
Ww. Njy1 — Aj = 1+, where
0, if xj+ Ajr1 — Aj = 1+ Njs2 — Aj1 = 1(mod 2)

rp=q L a A = A F 2+ A = Aja(mod 2)
2, Zf X + )‘j—i—l — )‘j = Tj41 -+ )‘j+2 — )‘j+1 = O(mod 2)

I N

Proof. O
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Consider, for example, the third-order mock theta function:

00 (n42)(n+1)(_ 2. 2
q a9 )n
Tyg) =y T )
n=0 (_q7 q )n+1
where (a;q)o = 1 and (a;9), = [[1—g(1 — ag") for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
€1 C C3 -+ Cs
( A dy ds - d. ) (3.117)
with non-negative integer entries satisfying
cs = 2
Ct = it + Ct+1 + 2dt+1 where it € {2, 4}7 (3118)

Z c + Z dt =N
and weight (—1)". From the restrictions in (3.123), we can rewrite matrix (3.122) as:

(l1+l2+13+"’28—1+2d2+”‘2d8+2 18—1+2d5+2 2 > (3119)

dl o dsfl ds

We associate a three-line matrix to (3.124) by subtracting i; from the ¢-th entry in the
first row and putting ¢; as the ¢t-th entry of a new third row:

g+ i1+ 2dp 4+ 2dg +2 0 2ds+20 2
dy v dsey  ds . (3.120)
i Ts—1 0

Note that matrix (3.125) may have zero entries. Then, in order to obtain a type R
plane partition, we add 1 to each entry of this matrix, obtaining:

34iy+-+is1+2dy+---+2dg --- 3+2d, 3
1+d; oo 14dely 14ds | (3.121)
1+ o 14y 1

This procedure can be easily reverted to get (3.126) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.126). The next theorem presents the result
for the mock theta function Ty(q). In this theorem, we use the parameters from Figure
4 to describe the plane partitions.

Theorem 3.26. The mock theta function Ty(q) is the generating function for type R
plane partitions having weight (—1)~3 "1 HAsnt iz zetves and satisfying
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i M =1LAq = A =13 N — Ao <5,
w.oy=1y; > 1,
1. Top1 = 1,05 = 3,25 — Xjp1 = N\jp2 — Ajy1 + 2yj42 — 3.
Proof. O

Consider, for example, the third-order mock theta function:

= "D (—¢% ¢?),,

Ti(q) =
@ =0 (=4 @*)nsa
where (a;q)o = 1 and (a;9), = [[1—g(1 — ag") for any positive integer n. In [7] this
mock theta function was shown to be the generating function for two-line matrices of
the form
€ C C3 -+ Cs
( R ) (3.122)
with non-negative integer entries satisfying
c, =0
Ct = it + Ct+1 + th+1 where it € {2, 4}, (3123)

Z Ct -+ Z dt =N
and weight (—1)". From the restrictions in (3.123), we can rewrite matrix (3.122) as:

(il—i—iQ+i3+--~is—1+2d2+"'2ds gt 2dg 0 > (3.124)

dl T ds—l ds

We associate a three-line matrix to (3.124) by subtracting i; from the ¢-th entry in the
first row and putting ¢; as the ¢t-th entry of a new third row:

ig+ g1 +2de+ - +2dg - 2dg 0
dy o dey ds | (3.125)
i R PRI

Note that matrix (3.125) may have zero entries. Then, in order to obtain a type R
plane partition, we add 1 to each entry of this matrix, obtaining:

14+d9+ - +is_1+2do+---+2ds --- 1+ 2dg 1
1+d; o 1+ds1 1+ds . (3126)
1‘1‘741 1+is—1 1
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This procedure can be easily reverted to get (3.126) again.

Now we can use the procedure described in the last subsection to associate a unique
type R plane partition to each matrix (3.126). The next theorem presents the result
for the mock theta function 77 (q). In this theorem, we use the parameters from Figure
4 to describe the plane partitions.

Theorem 3.27. The mock theta function T\(q) is the generating function for type R
plane partitions having weight (—1)735 1 FAsntlim @ty and satisfying

1. >\1:1a3§)\j_)\j71§5;
1. ylz]_,ijL
111, Tsi1 = l,l’s = 1,27j —Tjq1 = /\j+2 - )\j+1 + 2yj+2 - 3.

Proof. O

4 Summary of the results

Having described in the last sections how we can obtain representations for the mock
theta functions in terms of type R plane partitions, we summarize the results in the
table below. The first column shows the mock theta functions. Column 2 presents the
restrictions of the corresponding type R plane partitions. The last column gives the
weight of the plane partitions.
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mock theta function

thpe R plane partitions

‘weight ‘

f(a@) At=1A041 =2 2 1,
. q”2 y1=1y; > 1, (—1)v2—@1=Az+A1
Z —3 Ts+1 = l,ms = 21
n—=0 (—;9)7 T;—Tjr1 =Yj42 +Ajr2 — Ajp1
#(q) = Ar=LA = A =1,
N y1 = Ly; = 1(mod 2), —1) (SRS we)
Z s Ts41 = 1l,25 =2,
n:()(*q 14%)n x;— i1 =14 yj1
Y(q) = A=1LXA —Ajm1 =1,
e n? y1=1 yYj > 1,
> a . ws+1=1,ms=2,
=1 (25:8%)n Tj — Tjp1 = 2Yj41
x(q) = AM=13<A -1 <4,
= .= 1 s+1
f: (e ,?)Q)nsq"z le+1 1:7y1],;s lz(nll?d ) (—1)5(7S+<Ef+"’ yt))
a0 (007 Tj—Tjp1 = Njt2 — Aj1 + Yj2 — 2
qw(‘])l = i; _ )\1;._1 =1,
i 2n(n+l)+1 Y1 = 17y1]~ > 17:1:2j = O(mod 2)
Ts+1 = 1,Ts = 4,
i @ zj — Tip1 =2(yj41 — 1)
v(q) = AMM=1LXA—-X1=1,
oo n(n+1) y1=1y; > 1, _1)Zf:1 Tt+yeq1
Z Tst1 =1,
71+1 Tg = l,LBJ' — Tj41 = 2yj+2 -1

S +1¢1
Z \od Jntid

y1 =1,y; = 1(mod 3),
o1 = Ll,xs =1,

M=L1<N-N1<31< s 1-A <2,

n=0 Int Tj =21 =2+ N2 = Ajp1 + Y540

fo(q) AL=1LAj A1 =1,
o n? y1=1Ly; >1, 1) (s )
Z Ts41 = 1,25 = 2,
n*O —4;9n Tj—Tjp1 =1+ yjt2

Folq) = )\1_1/\ X 1=1,

S n2 y1=1y; > 1,
Z Ts+1 = l,xs =3,
o 4 Tj—Tj41 = Yj42+3

A =1L —Ajo1 =1,

y1=1ysy1 =1,0<|y; —yj+1| <1,
Ts41 = Lxs =2,

Ts—1=3,T5 — Tjt1 = Yjt2

AMM=1LXA -1 =1,
y1=1,0[ <y; —yj+1| <1,
Ts41 :172§Is §37

Tj —Tj41 = 2(!/;‘—0—2)

n—0 (a56*)n+1

n=0
fl(q): )\1:1,>\j—>\j_1 =1,
R y1=1y; > 1, (s HEE v
- —1.2.=3
Z Ts+1 s Ts 3
o ("G Dn Tj —xj+1 = Y42+ 1
Fi(q) = Ar=1LA = A1 =1,
oo q2n2+2n y1 = 1721]' > 1,

Ts+1 = 17$S = 17
Tj;— Tjp1 = 2+ 2yj+2

1See Remark 1 after this table
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’ mock theta function thpe R plane partitions weight
\I'l(q) = )\1 = 1,)\]' — )\]'_1 = 1,
oo (") y1 =10 <y; —yj+1| <1,
Z(flﬁ(])nq 2 Tsr1 =125 =2,
n=0 Tj — Tj+1 = Yj+2
q)l(q): A1 = 1,)\j — )\j,1 =1,
) ) Y1 =yYs+1 = 1,0 < ly; —yj41] < 1,
> (=a:6%)ng" Y Tsp1 = Laws =2,w5-1 =4,
=0 Tj = Tj41 = 2Yj40
B(a) — an even number of different parts,
(@) = A =1 A1 —As = 1,1 < Ay — A1 <3,
y=1y;>1, (=1)matye

(—q;9)2n

n=0

°°_1n;2nn2
Z( )" (g;9°)ng

Ts+1 = 1,1;5 = 1,
Tj—Tjp1 = Njy2 — Aj41 +yj42 — 2

an odd number of different parts,

i (*q;q)nq(ngz)

ne>0 (Q§q2)n+1

y1=1y; > 1,
Tsp1 = 1,25 = 2,
Tj—Tj41 = Njy2 — Aj41 +2yj42 — 3

= A
\I/(q) 5 A= 1,)\S+1 —As = 17 1< )\j — >\j—1 < 37 (_1).11+ 2ty2
i (=D)™(q;¢*)ng™ V" |ly1 = 1,y; > 1, : 1)1; s#1;
— 2
— (7q;Q)2n+1 Ts+1 = Lzs =2, . _
ne Tj— i1 = Ajr2 — Njp1 +Yjp2 — 2 ffs=1
plg) = AM=1LAs41 = A =1,2< X — A1 <3,
o nt1 y1=1y; > 1,
> (—q;q);q( 2) Toy1 = l,ms =1,
n—0 (QZq )nJrl Tj— Tj41 = >\j+2 — )\j+1 + 2yj+2 -3
a(q) = M =LAsp1 —As =1,2< N5 — A1 <3,

Yjt2—1
Tsp1 = 1= a5, 35 — 2501 =2+ 2

)\(q) = >\1 = 1,)\]' - )\]'_1 Z 1,
©  \ni . 9\ m y1=1,0<|y; —yj41/ <1, _pEiFre Ay
Z( 1)"™(g;9%)ng ot = 1.ws =2, (-1) 22
az0 (03)n Tj = i1 = Njto — Aj41 + 2yj42 — 3
v(q) = Al =141 = As =1,2< A5 — A1 <3,
© .\ y1 =195 = 1 (mod 3), CyE e R (- =D+ s weg1)
Z (q 7SQ)n3q Tsp1 = 172 S T S 3, ( 1) 3 t=2
n=0 (q 5 q )'n Tj — Tj41 = >‘j+2 - )‘j+1 + 3yj+2 —14
]-'O(q) = Al = 1,)\]' — )\]'_1 =1,
oo n2 Y1 :17yj El(mOd m)v
Z q where m is the number of different summands,
+1 j+2—1
n=0 (qn q)" Ts41 = 1,I5 = Z,xj — Tj41 = 2+ y]%
].‘1((1) = Al = 1,)\]' — )\j—l =1,
. 2 y1 =1,y; = 1(mod m — 1),
Z q where m is the number of different summands,
. o1
= (a9 Top1 = Loy = 2,05 — a4 =2+ 2271
}—2((1) — )\1 = 1,)\]' — >\j—1 = 1,
5 y1 =1,y; = 1(mod m — 1),
n“+n J
4q where m is the number of different summands,
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’ mock theta function thpe R plane partitions ‘weight ‘
A =141 — As € {1,2},
SO( )= y1 = 1,y; = 1(mod 2),
Tst1l =1L ws = 2,25 — @11 = Njp2 — Ajp1 + Yjt2, o1
s " —q;q )n )\j+1 — )\j =1 +rj,where T = —1)E Z (y7 D)
Z: q q2)n 0, lf z; + )\j+1 — )\j =Tj41 + )\j+2 — )\j+1 = l(mod 2)
- 1, if Ty + )\]'+1 - >‘j ;7§ Tj41 + )‘j+2 - )\j+1(m0d 2)
2, if z; + )\j+1 — /\j =Tj41 + )\j+2 — >\j+1 = O(mod 2)
A =141 — As € {1,2},
$1(g) = y1 = 1,ys+1 > 3,y; = 1(mod 2),
- Tst1 =1L ws = 2,25 — @11 = Njp2 — Ajp1 + Yjt2, 1L o )
" (—q;¢*)n  [[Nj+1 = Aj =1+ 7, where 7; = -1) v
o (_q2 ; q2)n 0, lf z; + )\j+1 — )\j =41+ )\j+2 — )\j+1 = l(mod 2)
1, if Zj + )\]'+1 - >‘j ;7§ Tj41 =+ )‘j+2 - )\j+1(m0d 2)
2, if z; + )\j+1 — /\j =Tj4+1 + )\j+2 — >\j+1 = O(mod 2)
To(q)= AM=LAst1 —As =1,3< A —Aj_1 <5,

S gD (g2 62),

y1=1,y; > 1,
Ts41 = L, zs =3,

(=1

—3s—14+Xeqp1+> i1 Tt +ye41

—a- a2
e R S AL e Tj = i1 = Njro — Ajp1 +2y540 — 3
Ti(q) = A1 =1,3<X; -1 <5,
Z qn(n+1) -1 Y1 = Lylj > 1 ) (—=1)7Bs—1HXs 1 +300 Tt tye 4
Ts+1 = 1,Ts = 1,
4)nt1 Tj = Tj41 = Aj42 = Aj41 +2yj40 — 3
A1 = 17)‘s+1 —As € {172}7
_ Y1 = 17yj = 1(m0d 4)7
UO() =1 =92 i — xa =\ — X + oy
Ts+1 » Ts T i+l j+2 J+1 T Yji+2, 1t
> n q q )n Ajr1 —Aj =1+ 7, where r; = (—1)4 ~i=2 Yi
Z n 0, if zj + )\j+1 — )\j =Tj41+ )\j+2 — >\j+1 = 1(mod 2)
n=0 1, if z; + )\j+1 - /\j # Tj+1 + )\j+2 - /\j+1(mod 2)
2, if T; + )\]'+1 — )\j =xj41 + )\j+2 — >\j+1 = O(mod 2)
A1 = 17)\s+1 —As = 1,
U1(q) _ Y1 = 17yj = 1(m0d 2)7
Top1 =L ws =2,25 — w11 = Njp2 — Ajp1 +2y542 — 1, Lt
e q(n""l) —q; qz)n )\j+1 — )\j =1+ rj,where rj = (-1)2 ZJ:Q(y77 )
Z )n+1 0, if r; + )\]'+1 — )\' =xzj41 + )\]'+2 — >\j+1 = l(mod 2)
n=0 1, if z; + )\j+1 - )\ # Tj+1 + )\j+2 )\J+1(mod 2)
2, if z; + )\j+1 — )\ =xj41 + )\]+2 — >\J+1 = O(mod 2)

1<1+v0(q>) -

I

A1 = 17)\s+1 - )\5{172}
i =1y > 1,
Ts+1 = Lzs = 1,25 —Tjr1 = Ajyio
)\j+1 — )\j =1+ rj,where ri =
0, if r; + )\]'+1 — )\j =xj41 + )\]'+2 — >\j+1 = l(mod 2)

= Aj+1+2y42 — 1,

n=0

n=0 q q )” 1, if z; + )\j+1 — )\j # Tj+1 + )\j+2 — )\j+1(m0d 2)
2, if Xj + )\]'+1 — >\j =Tj41 + )‘j+2 — >‘j+1 = O(mod 2)
an even number of summands

1 y A1 =1, 41 _1>\s‘f:‘1’7

—(1 = =1,1 1S even
002( +2 o) A1 = A {e {3,5}], if j is odd
Z * (=% ;q")n y1=1y; > 1,

(459%)2n+1 Top1 = Lws = 1,

v miag = 2yjy2 — 2, if j is even
J it Aj+3 — Xjr2 +2yj12 — 3, if j is odd
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’ mock theta function thpe R plane partitions ‘weight‘
A =1, 41— As =1,
y1=1Ly; > 1,
\V¢ =
- 1(q2) Top1 = Lws =1 x5 — w41 = Ajya — Aj+1 +2y542 — 1,
Z q("H’l) (—q;qQ)n )\j+1.— )\j =1+ rj,where rj =
— (q ; q2)n+1 0, lf z; + )\j+1 — Aj =Zj41 + /\]'+2 — )\j+1 = 1(mod 2)
n= 1, if Zj =+ )‘j+1 - >‘j $_é Tj41 + )\]‘+2 - )\j+1(m0d 2)
2, if z; + )\j+1 — )\j =Tj41 + /\j+2 — >\j+1 = O(mod 2)
an odd number of summands
A =141 —As =1,
-1 o e
g Vi(g) = .y J=1 ifjisodd
Lo gttty |7 L€ (3,5), i s even
72‘] . q9 ;9 "y1=1,yj21,
a7 (a59%)2n42 Togr = 1,25 =1,
. _ 2y]'+2 — 2, lf] is odd
Ti T+ = )\j+3 — )\j+2 + 2yj12 — 3, if j is even
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