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Abstract

In this paper, we define multidimensional version of One-Zero sequence and look for
analogous characterizations with the classic uni-dimensional sequence. Here, we would
like to proceed by analogy with the uni-dimensional case in order to obtain similar
results for bi-dimensional and k-dimensional for any non-negative integer k. We prove,
in particular, results for a bi-dimensional case, and with mathematical support we
extend our study concerning the k-dimensional identities for the One-zero sequence.
As a consequence of such properties, we exhibit the Binet Formula associated with k-
dimensional identities of this sequence. Furthermore, we exhibit arithmetic properties
for the bi-dimensional sequence, and we study the partial sums of terms in higher
dimensions.

Keywords: Binet’s Formula; One-Zero sequence; k-dimensional sequence.

1 Introduction

For a non-negative integer n, consider the One-Zero sequences {U,},>o that are the
terms of the set {0,1,101,10101,1010101, ...}, where each term satisfies the recursive
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relation U, ; = 100U, + 1, for all n > 0 and Uy = 0, with the id-number 4094028
in OEIS [21]. For more details about One-Zero sequence, see, for instance, the works
[3, 7,9, 19]. In recent study [8], it was demonstrated that this sequence also satisfies a
Horadam-like recurrence relation:

with the initial terms Uy = 0 and U; = 1.

Recall that the recurrence Equation (1.1) is associated with characteristic equation
related to the One-Zero sequence that is A> — 101\ 4+ 100 = 0. This equation is a
particular case of the characteristic equation of a Horadam-type sequence. The distinct
roots of this equation are A\; = 100 and X\, = 1.

In Equation (2.3) in [8], we can find non-recursive forms to obtain One-Zero num-
bers, which are given by

10 -1
99

The Equation (1.2) is the Binet-like formula for One-Zero sequence.

The sequences usually consist of consecutive numbers that follow a certain recur-
rence rule and initial values. In this paper, we define and introduce the k—dimensional
One-Zero sequences for any non-negative integer k, with a particular focus on the bidi-
mensional case. Our objective is to develop a theoretical framework to generalize these
sequences to arbitrary dimensions. Using the Binet formula, we derive several identities
for the k—dimensional or multidimensional sequence.

In the literature, there are several studies exploring the k-dimensional forms of
Horadam-like sequences for & > 0. For instance, the authors in [15] investigate bidi-
mensional and tridimensional identities for Fibonacci numbers in their complex form,
while in [16] it was introduced and analyzed Gaussian Fibonacci numbers along with
their bidimensional recurrence relations. In [14], it was studied the n-dimensional forms
associated with the Mersenne sequence. In [17], it was provided an overview of the Le-
onardo sequence and examined the bidimensional recurrence relations derived from its
one-dimensional model. Likewise, [2, 13] explores the bidimensional and tridimensional
recurrence relations of the Narayana sequence, extending its unidimensional recursive
structure. In [4, 5], the authors present bidimensional extensions of balancing, Lucas-
balancing, cobalancing, and Lucas-cobalancing numbers, along with an analysis of the
properties of these novel bidimensional sequences. Recently, [6] introduces and analy-
zes the k-dimensional relations of Repunit sequence. These and other related studies
have inspired further research into bidimensional extensions of additional numerical
sequences, building upon their unidimensional foundations.

U, for all n > 0. (1.2)
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The objective of this paper is to investigate some connections between the k—dimen-
sional One-Zero sequence and the classical One-Zero sequence. The article is structured
as follows: the next section presents the background and auxiliary results related to
unidimensional or ordinary One-Zero numbers, which provide the foundation for the
subsequent analysis. In Section 3, we introduce the bidimensional version of the One-
Zero sequence and exhibit some of its properties; in subsection 3.1 it will be presented
some of the properties satisfied by the bidimensional One-Zero sequence, in particular
the some classical identities; while in subsection 3.2 it will be focused on the partial sums
of its terms. In Section 4, we define and study the tridimensional One-Zero sequence and
present some results related to the bidimensional One-Zero sequence and again present
the definition of multidimensional One-Zero sequence and their consequence. Finally,
the definition and properties are extended to k-dimensional One-Zero sequences.

In this research work, we will show how to associate particular points in the plane
with a bidimensional sequence, by analogy to the unidimensional case. To being more
precise, this analogy also leads to define One-Zero bidimensional sequences. This paper
addresses the recurrence relations that model the k—dimensional case of this sequence,
providing a comprehensive analysis of its structure and properties. Our main results
are given in Section 3.

2 Background and Preliminaries Results

In this section, we present some results related to the one-dimensional version of the
One-Zero sequence. Furthermore, we present an auxiliary result that will be useful in
more advanced stages of the investigation. So, these auxiliary results will play a crucial
role in establishing new identities for the k-dimensional forms of this sequence.

The first result is about the difference and the sum of two One-Zero terms, and the
proofs are immediate by the use of Binet’s formula. We omit the proofs.

Proposition 2.1. For all non-negative integers n and k. If n > k then the identities
hold:

(a) Un - Uk = 102kUn_k s
(b) U, + Uy, = Uy, - 10 42U, ,
where {U, }n>o is the One-zero sequence.

Specifically, when n = k + 1, we obtain:

Corollary 2.2. For all non-negative integers k, we have
(a) Ugs1 — Uy =107,
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(b) Ugs1 + U = 10%% + 20U, ,
where {U, },,>0 is the One-zero sequence.

Also by using the Binet formula and in a similar approach to the one used in
Proposition 2.1, the two following results are valid.

Proposition 2.3. Let n be any non-negative integer, then
Upi1 — 100U, = 10*" + 1,
where {U, }n>0 is the One-zero sequence.

Proposition 2.4. Let m, r, and s be arbitrary non-negative integers. Then
Unir + Upnis — (Un + Upirys) = —99 - 10°"U, U, |
where {U, }n>o0 is the One-zero sequence.

Now, we need to recall three results stated in [8]. The next result is known in the
mathematical literature as the Tagiuri-Vajda identity.

Lemma 2.5. [8, Theorem 3.4] Let n be any non-negative integer, then
Us, = 99U2 — 2U,, ,
where {U, }n>0 is the One-zero sequence.

Lemma 2.6. [8, Theorem 3.8] Let m,r,s be any non-negative integer numbers. We
have

Um+TUn+s - UmUm+r+s = 102mUrUs )

where {U, }n>o is the One-Zero sequence.

To conclude this section we consider the summation of the first n + 1 terms of the
One-Zero sequence . We denote the partial sums by ZZ:O U, =Uy+U,+Us+---+U,,
where {U, },>0 denotes the One-Zero sequence.

Lemma 2.7. [8, Proposition 4.1] Let {U,}n>0 be the One-Zero sequence and n be a
non-neqative integer. Then:

~ Uyt1 — (n+1
((l) ZUk: +1 9( ) ’
k=0

9
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& (102D 4+ DU,y n+1
b Uy =
(v) % 2k 9999 99 '

& 102(102C*+) + DU,y n+1
Usjorg = _ .
(c) ; 21 9999 99

The One-Zero sequence is a Horadam-type sequence from the Gersenne sequence
family, the partial sum expressed here is a particular case of Proposition 12, recently
published in [20].

3 Bidimensional One-Zero Sequence

According to the terminology of [10], the Gaussian numbers, denoted by (a,b), are all
complex numbers of the form (a,b) = a + bi, for all integer numbers a and b. We find
several studies in the literature that explore the extension of unidimensional identities
of various other sequences to higher dimensions with some additional conditions for
some Horadam-type sequences, as can be seen in [1, 11, 12, 18, 22].

In the beginning, we explore the extension of the One-Zero sequence to a complex
or bidimensional domain. Now we define the bidimensional One-Zero sequence and
provide some properties of this new sequence.

Definition 3.1. For all integers m > 0 and n > 0, the bidimensional One-Zero sequen-
ces {Upmn,n) tmn>0 are defined recursively by

101U¢m—1,n) — 100U(p—2,0), for all n and m > 2

101U n—1) — 100U n—2), for all m and n > 2,
with initial terms Uggo) = 0, Un0) = 1, U1y = 4, Uq1) = 1+ 4, and where i = —1 is
the imaginary unit.

Definition 3.1 is valid in the sense that the general term Uy, ) is independent of the
path we use. For instance, to find U9, we see that

101U(172) — 100U(072), path (a)
].01U(271) - 100U(270), path (b)
e Let us consider path (a): we have

Unz) =101U1,1) — 100U 1,0y = 111(1 +4) — 100 - 1
=101 + 1017 — 100 = 1 + 1013,

ReviSeM, Itabaiana, Sergipe, year 2026, N°. 1, 93-11/ 97



Costa, E. et al.

and
Uto.2) =101U.1) — 100U;00) = 1017 — 100 - 0 = 1014,
hence,
Uty =101U1.2) — 100U, = 101(1 + 1014) — 100(1011)
=101 + 102012 — 10100z = 101 4 101..
e Consider path (b): we obtain
Ugpry =101U1.1) — 100Ug1) = 101 + 1,
and
Ut = 101U(10) — 100U,g) = 101,

hence,

=10201 + 101z — 10100 = 101 + 101z,

which is the same as the value we found for Uy oy where we have used the path (a).
By means of direct calculations, we obtain three branches of the bidimensional One-
Zero sequences as an illustrative approach:

{Upm.0) }m=0 = {0,1,101,10101, 1010101, 101010101, . . .},

{Uo.m) tnz0 = {0,4,1014,101017, 10101014, 1010101014, . . .},

and

{Unm) tnzo = {0,1 414,101 4 1014, 10101 + 101014, 1010101 4 10101013, ...}

3.1 Some Properties

In the following, a brief overview of the properties of bidimensional One-Zero numbers
are provided.
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Proposition 3.2. Let m and n denote arbitrary non-negative integers. The following
properties hold:

Uim,0) =Unm; (3.2)
Uon) =Unt; (3.3)
Uim,1) =Ums1 +4; (3.4)
U(l,l) =1+ Uy (3 5)

where {Ugm,n) fmmn>o0 @5 the bidimensional One-Zero sequence, {Uy,}n>0 is the One-Zero
sequence, and i = —1.

Demonstragao. For Equation (3.2), the proof is carried out by induction on m. For
m =0 and m = 1, we have: Uy = 0= U and U(y9) = 1 = U;. Thus, the property is
true for m = 0 and m = 1. Assume that the property is true for all values less than or
equal to m, that is, U0y = Uy for & < m. We need to prove that the property holds
for m + 1. By (3.1), we have:

Uims1,0) = 101U(,0) — 100U (1,0
Using the inductive hypothesis, we have:
Utmng1,0) =101U,, — 100U,,,_;.
But by Equation (1.1), we conclude

U(erl,O) :Um+1 .

Therefore, by the principle of mathematical induction, property from Equation (3.2) is
true for all non-negative integers m.

In a similar way, the proof of Equation (3.3) can be done by induction on n. Again,
in order to prove Equation (3.4), we proceed by induction on m. And finally, the proof
of Equation (3.5) can also be done by induction on n. O

The following result establishes a connection between the bidimensional One-Zero
sequence and the classical One-Zero sequence. It is our main result.

Theorem 3.3. For non-negative integers m and n, the bidimensional One-Zero num-
bers are described as follows:
Umn) Un + Upt,

where {Umn) fmn>o0 s the bidimensional One-Zero sequence, {Uy,}n>0 is the One-Zero
sequence, and i = —1.
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Demonstracao. We start by applying induction to n, with m held constant. Let us
consider n = 0. Note that by initial conditions U = 0 = 0+ 0i = Uy + Upi and
Ui =1=140i =U; + Upi. For m > 2 held constant, we have

U(m,o) =U,,=U,, + 0
=Up, + UOia

which is true by Equation (3.2), as Uy = 0. Suppose the statement is true for all k£ < n.
Let us prove for n 4+ 1. By (3.1) we have:

Uimnnt1) = 101U 0y — 100U 1 —1)-
Now, by the induction hypothesis, we get:

U(mm_,_l) :101(Um + Uni) — 100(Um + Un_li)
=U,, + (101U,, — 100U,,_4)1,

following Equation (1.1) that
U(m,nJrl) =Up + Un—&—lia

which verifies the result.
In a similar way, let us now fix n and perform the induction on m. O

By the previous result and Equation (1.2), we can obtain the Binet-like formula for
the bidimensional One-Zero sequence.

Corollary 3.4 (Binet’s formula). For non-negative integers n and m, we have

10" —1 10> —1
+

Umn - .7
(m,n) 99 99
or equivalently
10%™ 4 10" — (1 + 1)
U(m,n) = 99 )
where {U(m,n)}m,nZO is the bidimensional One-Zero sequence, and > = —1.

By combining Proposition 2.1 and Theorem 3.3, we obtain the following result.

Proposition 3.5. Let us consider non-negative integers m, n, and k, with m > k and
n > k. Let {U(mm,)}m,nZO be the bidimensional One-Zero sequence. Then the identities
are verified:
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(a) Uiy — Ueny = 10%*Up,_y, ,,

(0) Uy — Umpy = 102U, i,

(¢) Uy + Uty = (Ugn—gy - 10% +2U;) + Uyi

(d) Uiy + Ungy = U + (Un—ry - 10 + 20Uy )i
where {Uy, }n>o is the One-Zero sequence, and i> = —1.

A direct consequence of the Proposition 3.5 is the next result.

Corollary 3.6. Let us consider non-negative integers m and n. Let {U(m’n)}mynz() be
the bidimensional One-Zero sequence. Then the identities are validated:

) (m+1;m) — U(m,n) = 102m’
b) (m,n+1) U(m n) — 102mi7
C) U(m+l n) T Umn = (102m + Um) + Uyt ,

) (m,n+1) + Umn Um + (102n + 2Un)l )
Where {Uy, }nZO is the One-Zero sequence, and i? = —1.

(a
(
(
(d

The following result follows from the combination of Proposition 2.3 and Theo-
rem 3.3.

Proposition 3.7. For non-negative integers m and n and for the bidimensional One-
Zero sequence {Ugn ) bmn>0, the identities are verified:

(@) Upmsrm) — 100U 1.0y = (107 + 1) — 99U, 201,
(b) Upnns1) — 100U -1y = —99U,,, + (10%" + 1),
where {Uy, }rm, is the One Zero sequence, and i* = —1.

Combining Lemma 2.5 and Theorem 3.3 yields the following result.

Proposition 3.8. For non-negative integers m and n and for the bidimensional One-
Zero sequence {Uim n) tmn>0, the identities are verified:

(a) U(men) — QU(mm) = 99U31 — n20i>

(b) U(m’gn) — QU(m,n) =-U,, + 99U5i,
where {U, }n>o s the One-Zero sequence, and i* = —1.

The classical Tagiuri-Vajda identity of the unidimensional One-Zero sequence is
extended to two dimensions in the following results.

To begin with, we will consider n which is fixed in the second coordinate of the
indexes and which varies in the first coordinate.
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Theorem 3.9 (First Tagiuri-Vajda’s identity). Let m, n, r, and s be arbitrary non-
negative integers, the following identity is verified

U(m+r,n) U(ers,n) - U(m,n) U(m+r+s,n) = 102mUrUs(1 - 99Un7’) ) (36)

where {Ugmn) }mn>0 is the bidimensional One-Zero sequence, {Uy }n>o is the One-Zero
sequence, and i = —1.

Demonstra¢ao. By Theorem 3.3 we have

U(err,n) U(m+s,n) - U(m,n) U(m+r+s,n)
:<Um+r + Uni)<Um+s + Uni) - (Um + Uni)<Um+r+s + Uni)
:<Um+rUm+s - UmUm+r+s) + (Uerr + Uers - Um - Um+r+s)Uni .

Applying Proposition 2.4 and Lemma 2.6 simultaneously, we get

U(err,n) U(m+s,n) - U(m,n) U(m+r+s,n) =
=10*"U,U, — 99 - 10" U, U Uyi

and we have the validity of the result. O

From Tagiuri-Vajda’s identity, we get the results establishing d’Ocagne’s identity,
Catalan’s identity, and Cassini’s identity for the bidimensional One-Zero sequence

{ U(m,n) }m,nZO .

Proposition 3.10 (First d’Ocagne’s identity). For non-negative integers m,n and t
with t > m, it holds:

Uty Uims1.0) — U Ut 1,0) = 107U (1 — 99U,44)

where {Um,n) fmm>o @5 the bidimensional One-Zero sequence, {Uy,}n>0 is the One-Zero
sequence, and i = —1.

Demonstracao. Taking r =t —m and s = 1 in Equation (3.6) gives
Uty Uims1.0) — Uinmy Ut 1.0) = 107Uy Ui (1 — 99U,0)
as U; = 1, and this completes the proof. O

We have the Catalan identity in a similar way to Proposition 3.10.
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Proposition 3.11 (First Catalan’s identity). For non-negative integers t and s with
t > s, it holds:
U(Qt,n) - U(tfs,n)U(tJrs,n) = 102(t75)U82(1 — 99Un7/) .

where {Ugmn) }mn>0 is the bidimensional One-Zero sequence, {Uy }n>o is the One-Zero
sequence, and i = —1.

Demonstragao. Using r = s and m+s = ¢ in the Equation (3.6), we have the result. [
At the expense of the above result, we obtain the Cassini identity.
Corollary 3.12 (First Cassini’s identity). Let ¢ > 1 be any integers, then
Uty = Utt-1m U1y = 102070 (1 = 9901 |

where {Ugnn) }mn>0 is the bidimensional One-Zero sequence, {U,, }n>0 is the One-Zero
sequence, and 2 = —1.

Demonstracao. Taking s = 1 in Proposition 3.11. O

A similar result can be obtained by considering the variation of the indexes in the
second coordinate. We omit the proof of the next result in the interest of brevity.

Theorem 3.13 (Second Tagiuri-Vajda’s identity). Let m, n, r, and s be arbitrary
non-negative integers, the following identity is verified

U(m,n+r)U(m,n+s) - U(m,n) U(m,n—i—r-i—s) = 102”UrUs<1 - 99Umz) )

where {Ugmn) }mn>0 is the bidimensional One-Zero sequence, {Uy, }n>o is the One-Zero
sequence, and i = —1.

Proposition 3.14 (Second d’Ocagne’s identity). For non-negative integers m,n and t
with t > m, it holds:

U(m,t)U(m,n—l—l) - U(m,n)U(m,t+1) = 102nUtfn<1 - 99Umz) .

where {Ugmn) }mn>0 s the bidimensional One-Zero sequence, {Uy, }n>o is the One-Zero
sequence, and i*> = —1.

Proposition 3.15 (Second Catalan’s identity). For non-negative integers t and s with
t > s, it holds:

U2,y = U=y Upmiges) = 102U (1 — 99U i)

where {Ugmn) fmmn>o s the bidimensional One-Zero sequence, {Uy,}n>0 is the One-Zero
sequence, and i = —1.
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Corollary 3.16 (Second Cassini’s identity). Let ¢ > 1 be any integers, then
U(Qm,t) = Umt-1)Uim,t+1) = 102¢=D(1 — 99U,,i) |

where {Ugnn) }mn>0 is the bidimensional One-Zero sequence, {U,, }n>0 is the One-Zero
sequence, and 2 = —1.

3.2 Some Partial Sum

In this section, we present the results concerning the partial sums of the first £ + 1
terms of the bidimensional One-Zero sequence {Upnn)}tmn>0. We begin by examining
the sequence of partial sums in the first coordinate of the indexes, given by

k
D Unmy = Uy + Uy + Uy + -+ + Uiy

m=0
for all integers n, where {Upmn n) }mn>0 represents the bidimensional One-Zero sequence.

Proposition 3.17. For non-negative integers m and n, let {U(m,n)}m,nzo be the bidi-
mensional One-Zero sequence and k a non-negative integer. Then:

k
Ugs1 — (E+1 .
m=0
k
(102D + YU, (k+1) ,
m=0

k
102(102+) + DU,y (B+1)
(c) mE_O: (2m+1.n) 9999 o9 T (k+ 1)U

where {Un}n>o0 is the One-Zero sequence.

Demonstracao.

(a) By Lemma 2.7, item (a) and Theorem 3.3 we have,

k k k k
> Uy =Y (Un +Uni) =Y Up+ Y Ui
m=0 m=0 m=0 m=0

—(k+1
:Uk+1 9; +1) +(k+ 1)U,

which is the end of the proof.
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(b) By Lemma 2.7, item (b) and Theorem 3.3 we have,

k

k k k
Z U(2m,n) = Z(UQm + Un7'> = Z U2m + Z Unl
m=0 m=0 m=0

m=0
(102D + DU,y (k+1) .
- _ k+ 1)U,
9999 g9 T (kF DU

which proves the result.
(c) Similarly, by Lemma 2.7, item (¢) and Theorem 3.3 we have:

k k k k
Z Uem+1,n) Z Usmg1 + Upt) = Z Uzms1 + Z Unt
m=0 = m=0 m=0

102(102 *+) 4 DUy (B+1)
_ k4 1) Ui
9999 gy +(k+1)Uni,

and this completes the proof.

Consider now the sequence of alternating partial sums given by

k
D ()" Ummy = Uom = Uy + Uy = Uiy + -+ + (=1) Uy

m=0
for all integers n, where {Ugmn) }m.n>0 denotes the bidimensional One-Zero sequence.

Proposition 3.18. For non-negative integers m, n, and k, let {Uimn)tmn>0 be the
bidimensional One-Zero sequence. Then:

2k+1 (102(k+1) + 1)Uk+1

(a) Z D" Uty = 101

10%*U,; 102
b mUmn - - Un.z
(v) Z 101 9999  Un!

where {U tn>o is the One-Zero sequence.

Demonstragao. Combining items (b) and (¢) of the Proposition 3.17. O

Now, in the second coordinate, we examine the sequence of partial sums of the n+1
first terms, given by

k
Z Umm) = Um0y + U,y + -+ Uiy
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for m > 0, where {U(mm)}m,nZO represents the bidimensional One-Zero sequence.
Similarly to Proposition 3.17, we have the following result. In the interest of brevity,
we will omit the proof.

Proposition 3.19. For non-negative integers m, n, and k, let {Uimn)tmn>0 be the
bidimensional One-Zero sequence. Then:

Uppr — (K+1).

(a) ZUW = (k+ 1)U, + i i
(102D + DUy (K+1)Y .
b k m - b
®) ZU(’“” R +( 9999 9 )

102(102¢H) 4+ 1)Uy (K 4+1)\ .
(C)ZUQm“”)_(kH)U ( 9999 Ty )Z’

where {U }n>o is the One-Zero sequence.
Combining items (b) and (c) of the Proposition 3.19 we have the next result.

Proposition 3.20. For non-negative integers m, n, and k, let {Ugnn)}mn>o0 be the
bidimensional One-Zero sequence. Then:

2k+1 (102(k+1) + 1)Uk+12~

(a) Z V" Una = = 101

101 9999
where {Un}n>0 is the One-Zero sequence.

2k
(v) Z 1)Uy = U+ (o2t = i

4 Multidimensional One-Zero Sequence

Initially, in this section, we define and study a tridimensional One-Zero sequence and
we provide an enumeration of its properties. We use the previous characterization for
bidimensional One-Zero sequence to obtain extension of results in tridimensional or
k-dimensional One-Zero sequence.

The following definition is offered as a point of departure:
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Definition 4.1. For integers ny > 0, ny > 0 and ng > 0, the tridimensional One-Zero
sequence {Un, nsns) i nams>0 is defined recursively by

101U n,~1,m5,m3) — 100U(n, —2,np ny)  for all ng, mg, and ny > 2,
Uy nans) = 101U n; mo—1,n5) — 100U (n, po—2,n)  for all ny,mg, and ny > 2,
101U, mons—1) — 100U (n, o ns—2)  for all ny,mo, and ng > 2,

with initial terms U(070’0) = 0, U(1,070) = 1, U(O,I,O) = i, U(0,071) = j, U(l,l,O) =1+ i,
Unony =147, Uoiy =1+ 7, Usiay = 1+14+ 7, where i? = j?> = —1 are imaginary
units.

Definition 4.1 holds because Uy, n, ny) remains unchanged regardless of the compu-
tation path chosen. To illustrate this, we present three different approaches to derive
U(2,2,2)- Thus, in calculating Uy 22y, we observe that:

101U(1’272) — 1OOU(0’272), path (a),
U(272,2) = 101U(2,172) — 100U(27072), path (b), (41)
101U2,2,1y — 100U(2,20y, path (c).

To start, we conduct and summarize some preliminary calculations:

Utg.0.2) =10100.0.1) — 1000000y = 1015 — 100 - 0 = 1015

Uto.2.0) =10100,1.0) — 1000000y = 1013 — 100 - 0 = 1014;

Usno.0) =101010.0) — 1000000y = 101 -1 — 100 - 0 = 101;

Uo,1,2) =101U(0,1,1) — 100U 01,0y = 101(i + j) — 100 - i =i + 1015;

Unno2) =101010.1) — 1000100y = 101(1 +14) — 100 - 1 = 1 + 1015;

Ugzry =10100,1.1) — 1000001 = 101(i + j) — 100 - j = 1013 +

Unnno) =10101.1.0) — 1000100y = 101(1 +4) — 100 - 1 = 1 + 1015;

Umo) =101010.) — 1000001 = 101(1 +4) — 100 - j = 101 + 1017 — 1005;
U0y =10101 1.0 — 1000010 = 101(1 + i) — 100 - i = 101 + i;

Untra) =10100101) — 100U 1.0 = 1011+ + ) — 100(1 + i) = 1+ + 1015
Uty =101001.1.1) — 1000101 = 101(1 4 + f) — 100(1 + j) = 1 + 1017 + j;
Uiy =1010.1.1) — 100U 1) = 101(1 + i + 5) — 100(i + j) = 101 +i + j

e Consider path (a): we have
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Ui2,2) =101U0(2,1) — 100U(1 2,0)
—101(1 + 101i + j) — 100 - (1 + 1014)
—1 41014 + 1017,

and

U((LQ’Q) :101U(072,1) - 100U(0’2’0)
=101- (1012 + j) — 100 - 101 = 101¢ + 101y,

hence,

U(2’2’2) :101U(1’2’2) - 100U(0,272)
=101(1 + 1014 + 1015) — 100(1014 + 1015)
=101 + 1014 + 1015.

e Consider path (b): we obtain

U2,1,2) =101U(1,1,2) — 100U 9,1 2
—101 + i + 1015,

and

=101 + 1017,

hence,

=101 + 1014 + 1015

e Consider path (c): we have the following

Ugz2,1) =11U@2,1,1) — 10U20,1)
—101 + 1014 + §,
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and

=101 + 1017,

hence,

U,z2:2) =101U(1,2,2) — 100U 0 2,2)
=101 + 101z + 101;.

this result matches the value obtained for U, 92y when calculated using either path (a)
or path (b).
We will illustrate, as an example, one branch of the tridimensional One-Zero se-
quence:
{Uw0,0n) }n>0 = {0, 15,1014, 101015, 101010154, .. .}.

In a similar way to what we have done in Section 3, we will have similar results in this
section, but here we will only present the statement, without the respective proofs.

Proposition 4.2. Let ny, no, and n3 denote arbitrary non-negative integers. The
following properties hold:

U0,n2,0) Umi ,
U0,0ns) =UnsJ

U(nl’ 1,0) =U,, +1,
Umion) =Un, +7 5
U(nl,l,l) =U,, +i1+7,
Utmng,) =1+ Upyt
Utno) =1+ Upnyi+ 7,
Ut,oms) =1+ UpsJ »

U ing =1+ i+ U,

where {Un, nang) brimams>0 95 the tridimensional One-Zero sequence, {Uy}n>o is the
One-Zero sequence, and i> = j> = —1.

The following result connect the tridimensional One-Zero numbers to the unidimen-
sional One-Zero numbers.
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Proposition 4.3. For non-negative integers ny, no, and ns, the tridimensional One-
Zero numbers are described as follows:

U(nl,ng,ng) = Un1 + Ungz + Ungja

where {Un, nons) fninems>0 95 the tridimensional One-Zero sequence, {Uy}n>o is the
One-Zero sequence, and i*> = j2 = —1.

Thus, using the previous result and Binet’s formula from Equation (1.2), we derive
the Binet formula for tridimensional One-Zero sequence, as follows.

Corollary 4.4. [Binet’s formula] For non-negative integers ny, ny and ng, we have

10 —1 1072 -1 10?7 —1

Unnn: 3
(n1,m2,m3) 99 99 't g9 Y

or equivalently

102" 4+ 10224 + 10%"5 — (1 + i + j)
99 ’

U(m,nz,ns) -

where {Un, ny.ns) Fn1.nams>0 18 the tridimensional One-Zero sequence, and ¢ = j* = —1.

The next results are an extension of the results of the tridimensional One-zero , so
we will only present the statement with respect to the third component of the indexes.

Proposition 4.5. For all non-negative integers ny, no, n3, and k, with ng > k. Let
{Utny ns.ms) i mams>0 be the tridimensional One-Zero sequence, then the following iden-
tities are verified:

(a) U(nhnz,ns) - U(mmz,k) = Unsfklo%j )
(b) Uninzmst+1) = Uninang—1) = —99Un; — 99Up,1 + (102”3 +1)j,

(¢) Unyimz2ng) — Unimamg) = —Uny — Ungi + 99U2 j , where {Uy}m is the One-Zero
sequence, and i? = j% = —1.

The proof is done similarly to Propositions 3.5, 3.7, and 3.8.

We are now in a position to define the generalized case. Now let us extend the
Definition 3.1 and so we introduce the multidimensional or k-dimensional One-zero
sequence for all integers k > 2,
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Definition 4.6. For integers ny > 0, ny > 0,...,n; > 0 and k£ > 2, the k-dimensional
One-Zero sequence {Up, ns....np) rrna,...ni>0 18 defined recursively by

U(n1+1,n2,...,nk) = 11U(n1,n2,.,.,nk) - 10U(n1—1,n2,...,nk)7

U(nl,nz-l—l,...,nk) = 11U(n1,n2,...,nk) - 10U(n1,n2—1,...,nk)7 (4 2)

U(nl,nz,‘..,nk—&—l) = 11U(n1,n2,...,nk) - 10U(n1,n2,...,nk—1)7

with initial terms: Ugo,0,..00 = 0, Un00,..00 = 1, Uo10,..00 = %25 U0,0,10,...00 = 13,
Ua0,..00 = L+, Uipip,...00 = 1 +i3, Uiia0,..00 = L +i2 +id3,..., Usia,..1) =
1 +idg+ i3+ -+ + i, where i3 = i3 = --- =43 = —1 are imaginary units.

Combining the Definition 4.6 and the results established in Proposition 4.3 and
Corollary 4.4, we state the following key result:

Proposition 4.7. For any k—tuple (ny,na, ..., ng) of non-negative integers, the general
term of the set {Umy ny....nx) }(n1no,.my) 45 given by

U(nl,n2,~-~,nk) =Up, + Upyia + ...+ Unkik’a
or equivalently:

10%2™ + 102245 + ... + 102nkik — (1 +i+...+ Zk)
U(nl,m,m,nk) = 9 )

-----

(1 =1,2,...,k) is the One-Zero sequence, and i3 =13 = ... =12 = —1.

According to the reference [8], the results are also valid for negative indexes. Spe-
cifically, we have:

U(—nl,—ng,—ng,...,—nk) = Ufnl + Ufn2i2 + -+ Ufnkzk
Thus, all the properties verified in this research can also be extended to the case where
the indexes are negative.
5 Conclusion

Number sequences constitute an important subject area in mathematics, and the uni-
dimensional model of the One-Zero sequence served as a scope for the introduction
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of imaginary units, facilitating the development of bidimensional and tridimensional
recurrences and paving the way for generalizations to k-dimensional case. This comple-
xification of the usual or unidimensional One-Zero sequence was achieved by extending
the recurrence model and the initial terms, which resulted in its generalization to a
k-dimensional structure. This work presents a comprehensive analysis of the comple-
xification process of the One-Zero sequence and its relationship with Horadam-type
sequences. The complexification was obtained by incorporating the imaginary units
and extending it to an algebraic representation in higher dimensions. Consequently,
the bidimensional recurrence relations of the One-Zero sequence were established, along
with several identities in their complex forms. These contributions offer valuable tools
regarding the structural complexity of these numbers through a rigorous mathematical
analysis of their recurrence equation. This provided new results and sometimes exten-
sions of some existing results in the literature. These results highlight the versatility of
One-Zero numbers and their generalizations, providing a basis for further exploration
of their properties in theoretical and applied contexts.
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