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Abstract

In this work, we have studied the (s, t)-Jacobsthal-type sequence, a two-parameter ex-
tension of the classical Jacobsthal sequence. A most important contribution of the work
is to establish some identities satisfied by the (s, ¢)-Jacobsthal-type sequence; these in-
clude extended versions of classical identities such as the Vajda identity, d’Ocagne’s
identity, Catalan’s identity, Cassini—Simson’s identity, and Gelin-Cesaro’s identity. Us-
ing a new approach, we have obtained new results that greatly complement existing
results and several works in the literature. In addition, we also present some results for
s-Jacobsthal, providing a specification for ¢ = 1 in the sequence (s, t)-Jacobsthal-type
sequence.
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1 Introduction

We found many works discussing generalization of Jacobsthal numbers, whose recur-
rence relation became known through the following recurrence J,, 1 = J, + 2J,,_1 with
initial terms given by Jy = 0 and J; = 1. Using this recurrence, we obtain the following
list {Jn}nZO:

0,1, 1, 3,5, 11, 21, 43, 85, 171, 341, ... | (1.1)

The Jacobsthal sequence is listed as A001045 in the OEIS [17]. Furthermore, we may
consider the recurrence j,+1 = J, + 27,1 with initial terms jo = 2 and 7; = 1, which
determine the set of numbers {7j, },>0:

2,1, 5,7, 17, 31, 65, 127, 257, ..., (1.2)

and is known as the Jacobsthal-Lucas sequence, listed as A014551 in the OEIS [17].
We have come across a long tradition of works with an interest in the generalization
processes of Jacobsthal numbers, for instance [1, 2, 3, 4, 5, 6,8, 7,9, 10, 11, 12, 13, 14,
15, 16, 18, 19] and references therein. In these terms, among the diversity of approaches,
highlights the generalization introduced, primarily, in [1, 2] and [11, 15], that informs
our motivation for the following definitions.
We start presenting a one-parameter generalization of Jacobsthal-type numbers.

Definition 1.1. For any integer n > 0 and any real number s > 0.

(a) [2, Equation (2)] The set of s-Jacobsthal {Jés)}nzo is defined by the following relation

g _ 5~ (="

1.3

(b) [11, Equation (8)] The set of s-Jacobsthal-Lucas {;" }n>o is defined by the following
relation
)= (=) (1.4)

The Table 1, and Table 2 present, respectively, a few terms of s-Jacobsthal and
s-Jacobsthal-Lucas.

Table 1: Some particular terms of s-Jacobsthal numbers {Jy(f)}nzo.
JOS) Jls) J2s) JgES) J4s) J5(8)
0 | 1 [s—1[s?—s+1[s?—s"+s5s—1|s1—s+s"—s5+1
Source: prepared by authors.
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Table 2: Some particular terms of s-Jacobsthal-Lucas numbers {J,(LS)}nZO.

I R S O O B O I SR )

2 |s—1|s84+1|s3—1|s*+1|s—-1]s"+1]s" —1
Source: prepared by authors.

It can be seen that by replacing s = 2 in the Equation (1.3), we obtain the Jacobsthal
numbers (1.1). Whereas, replacing s = 2 in the Equation (1.4), we get the Jacobsthal-
Lucas numbers (1.2).

Now we present a two-parameter generalization of Jacobsthal-type numbers.
Definition 1.2. For any integer n > 0 and any positive real numbers s and ¢,
(a) [1, pag. 38] The set of (s,t)-Jacobsthal {J,(f’t)}nzo is defined by the following relation
s — (_t)n

JT(LS,t) — S—+ t 7 (15)

(b) [15, pag. 69] The set of (s,t)-Jacobsthal-Lucas { j,(f’t)}nzo is defined by the following

relation
G =" (=) (1.6)

Tables 3 and 4 display several initial terms of the (s, ¢)-Jacobsthal and
(s,t)-Jacobsthal-Lucas sequences, respectively.

Table 3: Some particular terms of (s, ¢)-Jacobsthal numbers {J,(f’t)}nzo.

J[gs,t) Jl(s,t) JQ(s,t) J?Es,t) Jis,t) Jés,t)

0 1 |s—t|s2—st+t?]s3—ts>+t°s—13 | s* —ts® + 125> —t3s + t4

Source: prepared by authors.

Table 4: Some particular terms of (s,t)-Jacobsthal-Lucas numbers { j,(f’t)}nzo.

GO GE TG0 g0 ] 0] e ] e D

2 s—t |24+t |33 | sttt |2 —t° | S48 | 5T — 7
Source: prepared by authors.

Note that, when ¢ = 1 in Equation (1.5) gives us the s-Jacobsthal (1.3). Similarly,
replacing ¢t = 1 in Equation (1.6) we obtain the s-Jacobsthal-Lucas (1.4).
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The (s, t)-Jacobsthal {Jr(f’t)}nzo can be extended to negative subscripts. Indeed, we
can consider, for all n > 0,

goo _ o)™ ((—t)”—s”)

- s+t ~ (—st)n s+t

_ 1 <3n — (‘@") ;J(s,t)
(=D (st)r \ s+t (=Dmtt(st)y» ™
S0,
g (=D gt (1.7)
- (st) "
Analogously,
(st) (=" (s,t)
= —(st)” AR
In what follows, the term (s,t)-Jacobsthal-type sequence will be used to refer to
either the (s,t)-Jacobsthal or (s,t)-Jacobsthal-Lucas sequences. In this article, we will
point out certain new properties that involve generalizations of classical identities re-
lated to Jacobsthal-type sequence. In addition to this introduction, the work consists
of two more sections. In Section 2 we properly carried out studies of the two-parameter
Jacobsthal-type numbers presented in recurrence relations and some consequences, some
relationships between (s, t)-Jacobsthal or (s, t)-Jacobsthal-Lucas, as well as some classi-
cal identities, such as the Tagiuri-Vajda identity for the (s, t)-Jacobsthal-type, followed
by some derivations and consequences. While in Section 3, we present the study of
one-parameter Jacobsthal-type sequence in which in most of the results only ¢t = 1 is
specified for something asserted for (s, t)-Jacobsthal-type sequence.

2 Two-parameter Jacosthal-type sequence

In this section we study some properties and identities for (s,t)-Jacobsthal numbers
and (s, t)-Jacobsthal-Lucas numbers.

2.1 Recurrence relations and some consequences

By looking Tables 3 and 4, we can verify the following properties derived directly from
Definition 1.2, that is, we note that Equation (1.5) and (1.6) are the Binet formula for
a second-order linear recurrence sequence of the form given by
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Lemma 2.1. Let {J\""} 50 be the (s, t)-Jacobsthal and {5 }nso be the
(s,t)-Jacobsthal-Lucas sequence. For all integers n > 0 and any positive real numbers
s, t the following identities are true:

(a) J ‘12 = (s — t)Jéitf + tsJ5Y with initial terms Jés’ =0 and J&Y =1,
(s:t)
— 1.

(b) jn+2 = (s — t)j,(itl) + ts50 with initial terms §7 = 2 and §\°Y =

The Lemma 2.1 can be found in some works, for instance in [13], Equations (3) and
(24), respectively.

We obtain two non-homogeneous recurrence relations for each sequence in the fol-
lowing result.

Proposition 2.2. For any integer n > 0 and any positive real numbers s, t, the fol-
lowing identities hold:

Jn+1 = SJ(St + (=), (2.1)
a =it — (s +t)(—t)", (2.2)
A (CORN (2.3)
GO =~ 4 (s +t)s" (2.4)

where {J,(f’t)}nzo and {j}(f’t)}nzo are, respectively, the (s,t)-Jacobsthal sequence and the
(s,t)-Jacobsthal-Lucas sequence.

Proof. For the proof of (2.1), see Theorem 2 in [1], and for the proof of (2.2) see
Theorem 2.2 in [15] .
By Equation (1.5) we have

n+1 n+1 n n
JEY pp. gt = 2 ;i_tt) -2 ;(r_tt)
58— (=) (=) At — ()"
B s+t
(s+t)-s"
s+t

which concludes (2.3).
Now, by Equation (1.6) we get
Gl g = 8 () s ()"
=s-8"+ (=t)(=t)" +t-s"+t(-t)"
=(s+t)-s"
as stated in (2.4). O
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The next result follows directly from Proposition 2.2.

Theorem 2.3. Let {J,(f’t)}nzo and {jr(f’t)}nzo be, respectively, the (s,t)-Jacobsthal and
the (s,t)-Jacobsthal-Lucas sequences. For all integers n > 1 and any positive real
numbers s, t, the following identities are valid:

(t+1)(s—1) ZJ” (t+ 1)) + (=) =1, (2.5)

(t+1)(s—1 Z](St) (t+ )G —2) = (s +D)((=t)™ = 1). (2.6)

Proof. By Equation (2.1), we have

n+1 n+1
I
=0 =1
= DS gty Z (2.7)
=0 =0

On the other hand

n+1 n
Jf¢)= <§:bé&“>—+Jfﬁ- (2.8)

=0

Since Jés’t) =0,> " (=)= 1_(;#, and as t # —1, and combining Equations (2.7)
and (2.8), we have

Zj(st) st B 11— (_t)nJrl
3 t+1

which concludes the proof of Equation 2.5.
In a similar way, by Equation (2.2), we have

n+1

Zy(” =5 s i Y = (s + ) Xi(—t) (2.9)

and

n+1
> = <ij”> + (2.10)
=0
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n+

Since jo =2, 30" (=) = itT and as t # —1, and combining
Equations (2 9) and (2.10), we have

n (s,t) _ (st) 1 — (_t)n-i—l
(8—1);% — I =2+ o

which is the conclusion of the proof of Equation (2.6). O

2.2 Relationship between (s,t)-Jacobsthal-type sequences

In this section, we present relations between the (s, t)-Jacobsthal {J,(f’t)}nzo and (s, t)-

Jacobsthal-Lucas { i }n>0 sequences.
As a consequence of the Definitions 1.1 and 1.2, we obtain the following results.

Proposition 2.4. For any integer n > 1 and any positive real numbers s, t, the fol-
lowing identities hold:

IS — (ts) T = (s (
T+ (st) T (

(s — )& + jfj’t) =270, (2.13
I (st = (s 07T, (
where J$ and jy(f’t) represent the n-th terms of the (s,t)-Jacobsthal and (s,t)-Ja-
cobsthal-Lucas sequences, respectively.

Proof. The Equations (2.11), (2.12) and (2.14) follow directly from Equations (1.5) and
(1.6). Equation (2.13) follows by summing the equations (2.11) and (2.12). O

In a similar way, we obtain the following identities.

Proposition 2.5. For any n > 1 and any positive real numbers s, t, the following
identities are valid:

(s + 2T = G5 = (1) (s — ) (st)", (2.15)
(5 + )2 (JE0)2 = jit) — 2(=1)"(st)", (2.16)
TSR3 =I5+ (=) (st)", (2.17)
JED G = T = (=1 (st)", (2.18)
GO0 G5 = 50+ (=1)"(s — ()" (2.19)
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where J and j$ represent the n-th terms of the (s,t)-Jacobsthal and (s,t)-Ja-
cobsthal-Lucas sequences, respectively.

Proof. By use of the Equations (1.5) and (1.6), we have

s ()_Sn_(_t>n n n
Jit gt = s—+t(8 g (=)
1 n n n mn
= - — [32 T (=) (—st)" — (—st)"s — (—t)? H}
1
— - +t [SQn—i—l _ (—St)n(S + t) _ (_t)Qn-H]
1 n n (s,t) n n
[ (] = () = I — (1))
and then we have obtained Equation (2.18). Equations (2.15), (2.16), (2.17), and (2.19)
are obtained in a similar manner. O

We write {g,(f’t)}n>0 to denote a generalized (s,t)-Jacobsthal sequence, that is a
sequence defined by the following recurswe expressmn gfL +2) = (s—1) gg:tl) + (st) g5 for

n > 0, with initial terms g(() " = ¢ and g1 = b where a and b are fixed real constants.

The next result is an extension for (s, t)—J acobsthal sequence of the result found in
[20, Equation (8)]. Specifically, the result shows that for any Fibonacci-type sequence
{gn}n>0 holds

In+m = fm—lgn + fmgn—H )
where {f,,}n>0 is the ordinary Fibonacci sequence.
Theorem 2.6. For any integers m,n > 0 and for any positive real numbers s, t, the
generalized (s,t)-Jacobsthal sequence {gn }n>0 satisfies the following identity

gl = (st) IS0 - g 4 g . gl (2.20)

where {Jy(f’t)}nzo is the (s,t)-Jacobsthal sequence.

1
st?

Jy (+1) — 0 and Jl(s’t) = 1. Now, suppose that (2.20) is verified for every value less than
or equal to m, for some m > 2. Then,

g ey = (s =gl + (st)gs)

= (5= 1) (DI 950 + J50g | + (st) [ ()Tl + 5 g
mﬂ< OIS0 + (s I50] g0+ (s = 0150 + (s)I5] o)
=

st) JiED gl 4 g0 g

Proof. By induction on m. For m = 0 and m = 1, the identity holds since stl’t) =
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That is, the identity holds for every integer m. O]
As a direct consequence, we have the following results.

Corollary 2.7. For any integers m,n > 0, and for any positive real numbers s, t, the
generalized (s, t)-Jacobsthal sequence {gﬁf’t)}nzo satisfies the following identity

(—1)™(st)mg ), = JED - glet) — et . glet) (2.21)

where {Jff’t)}nzo is the (s, t)-Jacobsthal sequence.

Proof. Now, replacing m with —m in (2.20) and using (1.7), we obtain

gt = (st)J¢ D4 a5 g
_ (= 1> (s.1) (=™ (s.1)
J S (S,t) _ J Svt) . 85 .
(St)m m+1 " (St)m m n+1
Therefore, by multiplying (—1)™(st)™ on both sides, we obtain the result. O

Corollary 2.8. For any integers n, m such that m +mn > 0 and for any positive real
numbers s, t, the following identities hold:

T, = (st) ISy - T 4 gt ), (2.22)
Jucion = (st) Tty - 50+ TG00 - G (2.23)

where {JS" V50 is the (s, t)-Jacobsthal and {557 },50 is the (s, ¢)-Jacobsthal-Lucas
sequences.

Proof. Take ¢g&&" = J*" and ¢{*" = j& in Equation (2.20). O

Corollary 2.9. For any integers n, m such that n +m > 0, n —m > 0, and for any
positive real numbers s, ¢, the following identities hold:

2] — Jt) . jst) | gl jlst) (2.24)
A1) (stym I — s s _ g s (2.25)

2D (54 2IE0 . g0 4 o) ) (2.26)
2(=1)™(st)" 820, = G5 G0 — (s + 2T - oD (2:27)

where {J5* )}n>0 is the (s,t)-Jacobsthal and {;{" t)}nzo is the (s,t)-Jacobsthal-Lucas
sequences.
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Proof. By taking ¢; = Ji(s’t) and g; = ji(s’t) in (2.21), summing with (2.22) and using

Equations (2.11), (2.12), (2.13) and (2.14), we get the Equations (2.24), (2.25), (2.26)
and (2.27). O
)

In the following, we present an auxiliary result that involves two generalized (s, t)-
Jacobsthal sequences of a result for the Fibonacci sequence that can be found in [20],
Equation (18).

Theorem 2.10. For any generalized (s,t)-Jacobsthal sequences {g,(f’t)}nzo and

{hq(f’t)}nzo, the following identity holds:

guinh = gSORED L = (— ) (st)” (957?”%8’” — g5 hiifz) . (228)

Proof. For fixed s, t, let 159 defined by

S S, S, s s,t
100 = A — R

By Equation (2.20), we have

s S, S, s s,t
159 = gyt = g8 ORS,

= [(st) I g0 4 g0 gEMNpD g6 (s4) g B 4 g0 plh
= (st)JS1 gD BN 4 0 gEHRED () g0 JE0 O g0 gls) pleh

n n+l n+1""n+1 n
s s, st s s st
- I NG — I 49N
S )t 7t S 7t
= Ji 97({11) hfﬂ) — g hgzs+l)+1
Analogously, o
s,t s, R s,t s,t s,t
]r(z+1) = (St>‘]7(n 2 [91(@5 & h;+l)+1 - 91(1+1)hn+l] .

Then I%%) = —(st)I5"". Hence,

19 = (—st)" 15",

I = (I M = (st I I
Thus, we arrive at Equation (2.28). O

As a consequence of Theorem 2.10, we can specify for (s, t)-Jacobsthal sequence and
(s,t)-Jacobsthal-Lucas sequence, the next result:
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Corollary 2.11. For any integer n, m, [ > 0, and for any positive real numbers s, ¢,
the following properties are true:

It ) = 3O T = () (st T g

T = TE0 g = (CD" s

where {Jﬁs’t)}nzo denotes the (s,t)-Jacobsthal sequence, and {j7(187t)}n20 denotes the
(s,t)-Jacobsthal-Lucas sequence.

2.3 Some classical identities

Using the Theorem 2.10 we find the Tagiuri-Vajda identity for the (s,t)-Jacobsthal
sequence and the (s, t)-Jacobsthal-Lucas sequence.

Theorem 2.12 (Tagiuri-Vajda’s identity). For any integers n, m, 1 > 0, and for any
positive real numbers s, t, the following properties are true:

TSI = IS0 = (=0Tt (2.29)
jT(L+7’)njr(Li»tl) ]7(13 t)j1(1+7)n+l _ (—1)n+1(8t)n(8 + t)QJ,(,f’t)Jl(S’t) 7 (2.30)

where J5 and j$ represent the n-th terms of the (s,t)-Jacobsthal and (s,t)-Ja-
cobsthal-Lucas sequences, respectively.

Proof. The Equation (2.28) allows us to make g&" = h{" = J | and we obtain

J(Svt) J(S:t) I (C) J(S t) (—1)”(825)"(1]7(:’”%(370 _ Jészt)J(S:t))

n+mY n+l n n4+m-+l m+l/ >
and since J$" = 0, we obtain (2.29).
In a similar way, take ¢go°" = p{" = j5 in (2.28). By using (2.26), we obtain

.(s,t) -(s,t s, n n s s,t .(s,t) -(s,t
Gt = g0t = (=1 (s (G805 = i)

(1) (st G — 250
(—1)N+ (st)"(s+t) J};’t Jl(s,t)’

which finishes the proof of (2.30). O

Now, as a consequence of the Tagiuri-Vajda identity we obtain other important
properties. In particular, Catalan’s identity, d’Ocagne’s identity and Cassini’s identity
are also derived below.
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Proposition 2.13 (d’Ocagne’s identity). For any integers h > 0, n > 0 with h > n,
and for any positive real numbers s, t, the following identities are valid:

S,t S,t S S,t n n S,t
T e e O O A COL e (2.31)
3B = AR = (F1 )" s + 0%, (2:32)

where JV and 5 represent the n-th terms of the (s,t)-Jacobsthal and (s,t)-Ja-
cobsthal-Lucas sequences, respectively.

Proof. Consider m +mn = h and | = 1 in Equation (2.29) and we obtain the Equation
(2.31). Similarly, make m +n = h and | = 1 in Equation (2.30) and we obtain the
Equation (2.32). O

Proposition 2.14 (Catalan’s identity). For any integers m > 0, n > 0 with n > m,
and for any positive real numbers s, t, the following identities hold:

(JED)? = 20, I = (1) (st (02, (233)
GO0 =g gl = (CL T (s PR (234)

where J$ and jr(f’t) represent the n-th terms of the (s,t)-Jacobsthal and (s,t)-Ja-
cobsthal-Lucas sequences, respectively.

Proof. Taking | = —m in Equation (2.29), and using (1.7) we get the Equation (2.33).
Similarly, to obtain (2.34) take [ = —m in Equation (2.30). O

Follows directly from Catalan’s identity the next identities.

Corollary 2.15. For any integer n > 2, and for any positive real numbers s, ¢, the
following identities are valid true:

(TPOP = I 058 = ()" ()R (s 1), (2.35)
UGS =0 s = (F1"(D)" s+ 62 (s — )%, (2.36)

where J$™ and j$" represent the n-th terms of the (s,t)-Jacobsthal and (s,t)-Ja-
cobsthal-Lucas sequences, respectively.

Proposition 2.16 (Cassini-Simson’s identity). For any integer n > 1 and for any
positive real numbers s, t, the following identities hold:

(JE0) = 22 5 = (st (237)
UGS =gt gl = (0 )" s ) (2.38)

where JS and 5 represent the n-th terms of the (s,t)-Jacobsthal and (s,t)-Ja-

cobsthal-Lucas sequences, respectively.
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Proof. 1t follows by doing m = 1 in Equations (2.33) and (2.34), and we get, respec-
tively (2.37) and (2.38). O

A direct consequence is the Cassini-Simson identity for even subscripts that is given
above.

Corollary 2.17. For any integer n > 1 and for any positive real numbers s, ¢, the
following identities are valid:

(T2 = I IS = (st)? (2.39)
G2 = gD gl = —(st) M s+ 1)?, (2.40)

where J$™ and j$” denote the n-th term of the (s, t)-Jacobsthal and
(s,t)-Jacobsthal-Lucas sequences, respectively.

The proofs using another approach to the identities of d’Ocagene, Catalan and
Cassini-Simson can be found in [13].
To conclude the session, we present the identity of Gelin-Cesaro.

Proposition 2.18 (Gelin-Cesaro’s identity). For any integer n > 2 and for any positive
real numbers s, t; the following identities are true:

T I I I = (TE0) =) (st)" st — (s = (D)
o (S o t)Q(St)Qn—S ’
(s:t) 2 (s:t) - (s5t) - (st)

Tniadnitin tins = G0 =002 (=1)"(s + 1) ()" (st — (s —1)?)
— (s =t)*(st)" (s +1)",

where J& and 50 denote the n-th term of the (s,t)-Jacobsthal and (s,t)-Jacobs-
thal-Lucas sequences, respectively.

Proof. Combining the Equations (2.35) and (2.37), we obtain

TSI I = (J50)!

= [(s — 1)+ (=1)"2(s5)"2] [(JE)? + (=1 (s - (JE)
= (J&P (1) (st)" 2 (st = (s = 1)) = (s = 1)*(st)™ 7,
as required.

Analogously, combining the Equations (2.36) and (2.38), and after some calculations,
we get the last result. O
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3 One-parameter Jacobsthal-type sequence

In this section, we study a one-parameter generalization of Jacobsthal sequences; we
give some new and well-known identities. Furthermore, we analyze the interrelationship
between s-Jacosthal and s-Jacosthal-Lucas sequences.

In general, the results presented here will be obtained by specifying ¢ = 1 in the
results of the previous section; because of this, all proofs will be omitted. Another
approach can be found, for instance, in [1, 2, 11, 15, 19].

3.1 Properties for the s-Jacosthal numbers

As a consequence of the Definition 1.1, we obtain a homogeneous recurrence relation
for each sequence.

Lemma 3.1 ([11], Equation (2)). The s-Jacobsthal {J\ }ns0, and the s-Jacobsthal-
Lucas {j,(f)}nzo sequences satisfy the following properties:

J(?l = (s —1)J® + SJés,)l , forallm>1,

n

jﬁl = (s — 1)j(s) + sj,gs,)l , foralln>1,

where J$ =0, J¥ =1, 59 =2, and J = s — 1.

Lemma 3.2. For any integer n > 0 and any real number s > 0, the following identities
hold:
I =8I+ (=), (3.1)

5O =53 = (=1)"(s + 1), (3.2)

where {JT(LS)},LZO is the s-Jacobsthal sequence, and {]}(f)}nzo is the s-Jacobsthal-Lucas
sequence.

The Equation (3.1) can be consulted in Theorem 1 from [1], and the Equation (3.2)
in Theorem 2.1 from [15]. Furthermore, it can be obtained by making ¢ = 1 in Propo-
sition 2.2.

The next result is similar to Theorem 2.3 of Section 2.

Proposition 3.3. For any integer n > 0 and any real number s > 0, the following
identities are valid:

25— 1)y I =2J0) + (—1)t -1, (3.3)
=0
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25 =15 =202 = 2) = (s + (=1 = 1), (3.4

where {Jf{s)}nzo is the s-Jacobsthal sequence, and {jﬁf)}nzo is the s-Jacobsthal-Lucas
sequence.

Proof. Just make t = 1 in Equation (2.5) and obtain (3.3). Now, to get (3.4) replacing
t =1 in Equation (2.6). O

It should be noted that, in the particular case when s = 2 in Equation (3.3), the
known summation is obtained for the Jacobsthal numbers, in accordance with Exercise
71 from [8], that is,

2> Ji= 2+ (1)) =1 =T — 1,

1=0

where {J,, }n>0 is the classical Jacobsthal sequence.
The s-Jacobsthal {Jff)}nzo also can be extended to negative subscripts. First we

consider
J(S) _ S—n _ (_1)—n B 1 (_1)n _ Sn
" s+1 (—1)nsm s+1

(=1)ntisn s+1 ©(—=1)ntign ™ 7

for all n > 0. Under the previous discussion, the next definition is given:

(-1

STZ

Je) = J&) foralln >0 . (3.5)

3.2 Identities involving s-Jacobsthal-type sequence

In this subsection, the results allow us to express combinations between s-Jacobsthal
sequence and s-Jacobsthal-Lucas sequence.

Proposition 3.4. For any integer n > 0 and any real number s > 0, the following
wdentities are true:

(i) Tl + 90 = IV

(ii) Iy — 520, = 51950
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(iii) Ji2) = I35

where {JT(LS)}HZO is the s-Jacobsthal sequence, and {jr(f)}nzg is the s-Jacobsthal-Lucas
sequence.

Proof.
(i) Tt suffices to observe that

n+2 n+2 n—2 n—2
8n+2 _ (_1)71 + " — 82(_1)n
s+1
§(s? 1) = (~1)"(1 + 5?)
s+1

s — (=1)" (3) 7(s
:(82+1)<—s+1 ):jé)JfL).

(i) We directly verify that

J(sz B SQJ(S)2 _ 8n+2 _ (_1)n+2 QSn—Z _ (_1)n—2

" s+1 —° s+1
82t — (=) — 5"+ 2 (—1)"
n s+ 1
(=) 4+ (-D)M(s* 1)
N s+1
2 s" 4+ (=1)"
= (=)

= (s = Dls" + (=1)") = 11”5
(7i) It immediately follows that

0 ()P (8 (D)) (D))
n s+1 s+1

- (EE ) e o = a0,

s+1

as required. N
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Notice that in Koshy [8] there are some identities involving the Jacobsthal sequence
and Jacobsthal-Lucas sequence, for instance, that:

jn-{—m = Jm-i—ljn + 2ijn—1a
Jn+m - Jm+1Jn + 2Jm<]n—17
2Jn+m = Jm]n + 2Jnjma

for any integers m, n > 0.

In the following result, we can see the corresponding generalization model for the
s-Jacobsthal-type sequence. The verification is a similar procedure to that outlined in
Proposition 3.4. For brevity, the proof will be omitted.

Proposition 3.5. For any integer n > 0 and any real number s > 0, the following
identities hold true

(Z) .]n+m = mzrljn + SJ(S jns 17
(ii) T\ = Ty I+ sI0 I,
(m)2n+m— },fjn +JS) i),

In a similar way to Propositions 3.4 and 3.5, we have:

Proposition 3.6. For any integer n > 1 and any non negative real number s > 1, the
following identities are valid:

IO g = j,g ); (3.6)
A sJ(S SISy IQF (3.7)
(s — 1)J) + ) = 278 . (3.8)
j££1+sy<s> = (s = 1) (3.9)
dah = sy = a0, (3.10)

where {JT(LS)},LZO is the s-Jacobsthal sequence, and {]}(f)}nzo is the s-Jacobsthal-Lucas
sequence.

Proof. We will prove the identities (3.9) and (3.10). The others are obtained in a similar
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way. Note that
gy sinly = s (F1) s (1)
— Sn+1 4 (_1>n+1 L +S(_1)n+1
=s"(s+1)—(=1)"(s+1)
Sn _ (_1)71

= (s+ 1) - 1)

= (52 - 1)‘]77,8) )
that is, we derive Equation (3.9). Now,
(s) (9 n+1 1+l o n o 1\n—1
]n—l— SIn-1 = S +( 1) S S( 1)
=s"(s = 1) = (=1)" +s(=1)"
= (s ="+ (=1)")
= (s =i,

since JQ(S) = 5 — 1, we derive Equation 3.10. [

Proposition 3.7. For any integer n > 1 and any non negative real number s > 1, the
following identities are valid:

(s + 12D I = 580 — (1) I8 (s)" (3.11)
(s + 1)2(J9)? = 4&) — 2(=1)"(s)" (3.12)
JEN 39 = I8+ (—1)n(s) (3.13)
TG = I — (1) ()" (3.14)
(s) (s) __ +(s) 1 nJ(S
In' In+1 = ]2n+1+( ) 2 () ) ( )

V2)

where {Jr(f)}nzo is the s-Jacobsthal sequence, and {j,(f)}nzo is the s-Jacobsthal-Lucas
sequence.

Proof. Just make t = 1 in Proposition 2.5, the desired results will be obtained. O

An arbitrary generalized s-Jacobsthal sequence, or a s-Jacobsthal-type sequence,
is defined by the s-Jacobsthal recurrence denoted as {gﬁls)}nzo, that is, a 91(15—31 =(s—
)¢t + sg,(f_)l, for n > 1, with initial terms g(()s) — a and ¢\ = b, where a and b are

fixed real constants. The next Theorem is a specific case for the Theorem 2.6.
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Theorem 3.8. For any integers m,n > 0, and for any real number s > 1, the gener-
alized s-Jacobsthal sequence {gﬁf)}nzo satisfies the following identity

98 =8I g 4 IO g (3.16)

where {J,(Ls)}nzo is the s-Jacobsthal sequence.
Proof. By setting ¢t = 1 in Equation (2.20), the desired result is obtained. O]
The next three results are consequences of the previous theorem.

Corollary 3.9. For any integers m,n > 0, and for any real number s > 1, the gener-
alized s-Jacobsthal sequence { gﬁf)}nzo satisfies the following identity

(=1)™ ()" g = T - 98 = T - gl
where {JT(LS)}@O is the s-Jacobsthal sequence.

Corollary 3.10. For any integers n, m such that m +n > 0 and for any real number
s > 1, the following identities hold:
I, = I

n+m m

RS A Jil

m n

jq(il)-mzs‘]s 1 J(S +J jn—‘,—la

where {J57},50 is the s-Jacobsthal sequence and {J{”},¢ is the s-Jacobsthal-Lucas

sequemnce.

Corollary 3.11. For any integers n, m such that n +m > 0, n —m > 0 and for any
real number s > 1, the following identities are valid:

2J8) = J . ) 4 glo) . ) (3.17)
2 1>m<s>mJ£?m=J$>-j,sf> TG

2t = (s P I 55
2(=1)"(s)" ) = 55 8 = (s + 12T - I

where {J$7} 50 and {J5},50 are, respectively, the s-Jacobsthal and the s-Jacobsthal-
Lucas sequences.

We consider {g5”}nso and {h$ }nso two s-Jacobsthal-type sequences; in what fol-
lows, we will show some connections between them, and the next result is a particular
case for t = 1 of Theorem 2.10.
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Corollary 3.12. For any generalized s-Jacobsthal sequences {gﬁf)}nzo and {hgf)}nzo,
the following identity holds:

gL b = gORC) =~ ()" (0 R — g§RE,). (3.18)

In the next two results, we will apply Corollary 3.12 to specific cases of the s-
Jacobsthal and the s-Jacobsthal-Lucas sequences.

Corollary 3.13. For any non negative integers n, m, [ > 0, and for any real number
s > 1, the following property is true:

]7(LS*|)’WLJT(LS+)Z 7(18) Jr(igm+l = (_1)n+1 n‘] 8)

where {J$},50 and {j5 )50 are, respectively, the s-Jacobsthal and the s-Jacobsthal-
Lucas sequences.

Proof. Take g¢¥ = 7% and A% = J% in (3.18). Thus, by using (3.17) and some
calculations, we have
It = T s = (S0 () G = 367 To0)
(1" ()" (G = 27570)
= (~1)"sm I

as required. N
Similar to Corollary 3.13 we have the next result.

Corollary 3.14. For any non negative integers n, m, [ > 0, and for any real number
s > 1, the following properties are true:

JT(L?m]n+l J(S)jn+m+l = ( 1)n+1( ) ]7(2)‘]( )7

where {J,(f)}nzo and {J,(ls)}nzo are, respectively, the s-Jacobsthal and the s-Jacobsthal-
Lucas sequences.

3.3 Some classical identities

This subsection is dedicated to establish some classical identities for the s-Jacobsthal-
type sequence.

We start finding the Tagiuri-Vajda identity for the {J,(f) }n>o and { j,(f)}nzo sequences,
and many other interesting properties are derived.
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Theorem 3.15 (Tagiuri-Vajda’s identity). For any positive integers n, m, l, and for
any real number s > 1, the following properties are true:

Tl = T I = (1) () (3.19)
ity = 358 e = (1" () (s + 12T (3.20)

where {Jés)}nzo is the s-Jacobsthal sequence and {j}(f)}nzo is the s-Jacobsthal-Lucas
sequence.

Proof. Just take t = 1 in Equation (2.29) and obtain (3.19). Now, taking ¢ = 1 in
Equation (2.30), Equation (3.20) is obtained. O

These results were obtained using the same procedures as in Subsection 2.3, but
this time with the equations from Theorem 3.15.

Proposition 3.16 (d’Ocagne’s identity). For any integers h > 0, n > 0 with h > n,
and for any real number s > 1, the following identities hold:

T = SO = (0 ),

n

i = 03 = C ) s+ 17

where {JT(LS)}nZO denotes the s-Jacobsthal sequence, and {j,(f)}nzo denotes the corre-
sponding s-Jacobsthal-Lucas sequence.

Proposition 3.17 (Catalan’s identity). For any integers m > 0, n > 0 with n > m,
and for any real number s > 1, the following identities are true:

(Jés))z . J7(18_)m . J(S) _ (_1)n+m+1(s>nfm(J(s))2

n—+m m
G0 =gl il = (F1" ) (s + D),

where {J,,(f)}nzo denotes the s-Jacobsthal sequence, and {jy(f)}nzo denotes the corre-
sponding s-Jacobsthal-Lucas sequence.

All these results follow directly from Catalan’s identity.

Corollary 3.18. For any integers m > 0, n > 0 with n > m, and for any positive real
numbers s, t, the following identities are true:

(JT(Ls))2 _ Jé“j2 . JTS,?Q = (_1)n+1<8)n72(5 _ 1)27

G2 =5, 58 = (—1)m(s)" (s + 1)2(s — 1)?,

where J¥ and jy(f) represent the n-th term of the (s)-Jacobsthal
and (s)-Jacobsthal-Lucas sequences.
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Proposition 3.19 (Cassini-Simson’s identity). For any integer n > 1 and for any non
negative real numbers s, the following identities are valid true:

(JEN2— T8 = (—1)n(s)n Y
(G2 — 59,59 = () (s s+ 1)2,

where {J,(f)}nzo and {j,({g)}nzo are the s-Jacobsthal and s-Jacobsthal-Lucas sequences,
respectively.

The Cassini-Simson identity for even subscripts is given below.

Corollary 3.20. For any integer n > 1 and for any real number s > 1, the following
identities hold true:

(IS =TSy Iy = (s)™" 7,
GSh? =gy gy = —(s)" M(s +1)2,

where {J{”},50 and {55 },0 are the s-Jacobsthal and s-Jacobsthal-Lucas sequences,
respectively.

We emphasize that the identities of the Catalan and Cassini-Simson for
s-Jacobsthal-type sequence can also be deduced from Theorem 11 and Theorem 15,
respectively, in [11].

The next result also follows directly from Catalan’s identity.

Proposition 3.21 (Gelin-Cesaro’s identity). For any integer n > 2 and for any real
number s > 1, the following identities are valid true:

T, T8 9 T8, — (TN =T (=1)"(5)" s — (5 — 1)?]

— (5 —1)%(s)3,
58,5805, — GOV =92 (=1)"(s + 1)2(s)" 2 (5 — (s — 1)?)
— (5= 1)2(s)*" (s + 1)*,

where {Jff)}nzo and {]}(f)}nzo are the s-Jacobsthal and s-Jacobsthal-Lucas sequences,
respectively.
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4 Final Considerations

In this study, we have explored the (s,t)-Jacobsthal-type sequence, presenting it as a
significant two-parameter extension of the classical Jacobsthal sequence. By establish-
ing key identities, including extended versions of the Tagiuri-Vajda, d’Ocagne, Catalan,
Cassini—Simson, and Gelin-Cesaro identities, we have expanded the understanding of
this sequence and its algebraic properties. A crucial aspect of this research was the
application of a novel approach, which yielded results that substantially complement
existing findings in the literature. These new formulations strengthen the theoreti-
cal foundation of recurrence relations and open paths for future investigations into
generalized Fibonacci-type sequences. Given the promising nature of these results, po-
tential extensions of this work may involve exploring deeper connections with other
special number sequences, as well as investigating their implications in combinatorial
and number-theoretic contexts. We hope that these contributions serve as a useful ref-
erence for researchers working in related areas and inspire further advancements in the

field.
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