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https://doi.org/10.34179/revisem.v11i1.23312

CENTRAL LIMIT THEOREM FOR DIMENSION OF MEASURE IN
CIRCLE

Giovane Ferreira
Federal University of Maranhão, Department of Mathematics, São Lúıs, Maranhão, Brazil
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Abstract

We prove a version of the Central Limit Theorem for the dimension of the equilibrium
state of expanding endomorphisms defined on S1. The results here can be extended to
conformal expanding maps defined on n-dimensional differentiable manifolds.

Keywords: Dimension of measure, Central Limit Theorem, Expanding maps, Equi-
librium states, Gibbs measure.

1 Introduction

We will consider expanding maps defined on the circle S1. The focus is to study the
pointwise dimension dµ of the measure µ (see the definition below). This quantity is
related to the Lyapunov exponent λ and the Kolmogorov entropy hµ. We will study
the limit defined in Equation 2.1. More precisely, we will study the convergence

log µ(B(x, ε))− dµ log ε√
− log ε

,

and prove that this limit converges in distribution to theWiener process. Using the same
ideas, we can extend to conformal expanding maps defined on differentiable manifolds
of dimension n. The non-conformal case was addressed by Leplaideur and Saussol in
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[8] for a skew-product on the torus Tn, using the semiconjugacy to the shift map to
apply symbolic dynamics results, such as the preservation of the Gibbs property of a
measure via a factor map. For more information on the results of preserving the Gibbs
property of a measure, see [3, 4, 5, 10]. The main relevance of this paper’s results
is that we address the conformal case, which was not studied in [8]. They limited
themselves to a skew product map defined on the n-dimensional torus and used the
existence of a Markov partition to semiconjugate it to the shift map. Here, our maps
are more general and defined in an n-dimensional differentiable manifold, answering
(for the conformal case) two questions asked in [8]. We do not use the structure of a
partition nor symbolic dynamics results, thus differentiating the technique used here.
In short, the idea is that, in the part of the paper where we use concepts from Dynamic
Systems, we use topological properties to approximate the ball B(x, ε) by dynamic balls
Bn(x, ε), using appropriate expansion times. Hence, we strongly rely on the property
that the measure is Gibbs. From there, we use probabilistic arguments to study the
fluctuation Sn and apply the Principle of Invariance.

2 Statement of the main result

It is well known that expanding maps have the uniqueness of the equilibrium states µ
for a Holdër continuous potential and that it is a Gibbs measure. See [2, 11] for more
details. Associated with this measure, we have the notion of pointwise dimension of µ.

dµ(x) = lim
ε→0

log µ(B(x, ε))

log ε
, (2.1)

whenever the limit exists. It is known (see [7]) that for µ-almost every point x, the
pointwise dimension dµ(x) = dµ exists in the context of expanding map. We prove a
version of the Central Limit Theorem for the pointwise dimension of this equilibrium
state. We denote by D([0, 1]) the set of cadlag functions in [0, 1] endowed with the
Skorohod topology.

Theorem 2.1. Let f : S1 → S1 be an expanding endomorphism C1+α, ϕ : S1 → R be a
Hölder continuous potential, and µ be the equilibrium state for (f, ϕ). Then, the process

log µ(B(x, εt)) + tdµ log ε√
− log ε

, for every t ∈ [0, 1] (2.2)

converges in D([0, 1]) in distribution for the Wiener process W (t).
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3 Preliminaries

3.1 Concepts of Probability Theory

In this section, we will discuss some concepts from Probability Theory used in the text.

Definition 3.1. A Rd-value vector X is called Gaussian if it has a multidimensional
charateristic function ϕX : Rd → C given by

ϕX(s) = E[eis ·X ] = e−⟨s,V s⟩/2+i⟨m,s⟩,

for some nonsingular symmetric n× n matrix V and vector E[X].

The matrix V is called the covariance matrix, and the vector m is called the mean
vector.

Definition 3.2. A continuous Gaussian process X(t), 0 ≤ t ≤ 1, with a mean vector
mt = E[X(t)] and covariance matrix V (s, t) = Cov[X(s), X(t)] = E[(X(s) − ms) ·
(X(t) − mt)

∗] is called the Wiener process (or Brownian motion) if for any 0 ≤ t0 <
t1 < · · · tn, the random vectors X(0), X(ti+1)−X(ti) are independent and the covariance
matrix V satisfies V (s, t) = V (r, r) where r = min(s, t) and s → V (s, s).

We say thatX(t) converges in distribution forX, writtenX(t)
D

=⇒ X, if E[g(Xn)] →
E[g(X)] for every g bounded, continuous and real function.

Theorem 3.1 (Slutsky’s Theorem). Let X(t) and Y (t) be two sequences of random

vectors such that X(t)
D

=⇒ X and Y (t)
P

=⇒ c, where c is a constant. Let g be a
continuous function. Then

g(X(t), Y (t))
D

=⇒ (X, c).

We will use the Skorohod topology because, a priori, the stochastic processes studied
here are discontinuous. Furthermore, the space of cadlag functions endowed with the
uniform convergence norm is non-separable, which can cause many problems. See [1]
for more details. We denote by D([0, 1]) the set of cadlag functions in [0, 1] endowed
with the Skorohod topology.
We say that g, h ∈ D([0, 1]) are α-close if there exists β : [0, 1] → [0, 1] such that

1. β is increasing and β(0) = 0 and β(1) = 1;

2. |β(t)− t| ≤ α for all t ∈ [0, 1];
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3. |g(β(t))− h(t)| ≤ α for all t ∈ [0, 1].

We consider random constants and/or random processes over the probability space
(S1,B, µ), where B is the Borel σ-field. Constants are constants with respect to the
parameter ε.

Given two random variables, Xε e Yε, we use the notation Xε ≈ Yε to mean that
there exists a constant τ > 0 such that for µ-a.e. x, we have

sup
0<ε<τ

|Xε(x)− Yε(x)| < +∞. (3.1)

3.2 Concepts of Dynamical Systems Theory

In this section, we will discuss some concepts from Dynamical Systems Theory used in
the text.

Definition 3.3. A C1 endomorphism f : S1 → S1 is expanding if there exists σ > 1
such that |Df(x)| > σ for all x ∈ S1.

A differentiable map f is conformal if the derivative at each point is a nonzero scalar
multiple of an orthogonal transformation, i.e., if the derivative contracts or expands
distances by the same amount in all directions. Obviously, in dimension one, any
nonsingular differentiable map is conformal.

A measure µ is f -invariant if µ(f−1(B)) = µ(B) for each B ∈ B. And µ is an
ergodic measure if µ(B) = 0 or 1 for each set B ∈ B f -invariant. Let Pf (S1) be the
set of f -invariant probability measures, and ϕ : S1 → R be continuous observable. The
connection between topological pressure and the metric entropy of an invariant measure
is formalized by the variational principle. We refer the reader to [12] for a proof of the
Variational Principle:

Pf (ϕ) = sup
η∈Pf (S1)

{
hη(f) +

∫
ϕ dη

}
, (3.2)

where hη(f) is the metric entropy of f .
The Variational Principle gives a natural way to choose interesting measures of

Pf (S1). We say that µ ∈ Pf (S1) is an equilibrium state for (f, ϕ) if µ satisfies

Pf (ϕ) = hµ(f) +

∫
ϕ dµ.

We define the Lyapunov exponent λ(x) in x by

λ(x) = lim
n→∞

1

n
log |Dfn(x)|,
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if the limit exists. By Oseledet’s Theorem, see [12], for a f -invariant measure µ, the
Lyapunov exponent λ(x), there exists µ-a.e. point x ∈ S1. If the measure µ is ergodic,
λ(x) is constant µ-a.e. point x.

Theorem 3.2 (Birkhoff Ergodic Theorem, [12]). Let f : S1 → S1 be a measurable
transformation and µ be a probability measure f -invariant and ergodic. Given any
integrable function ϕ : S1 → R. Then, µ-almost every point x ∈ S1

lim
n→∞

1

n
Snϕ(x) =

∫
ϕdµ,

where Snϕ(x) :=
∑n−1

j=0 ϕ(f
j(x)).

Given ε > 0, n ∈ N and x ∈ X, consider the dynamical ball

Bn(x, ε) =
{
y ∈ X : d(f j(x), f j(y)) < ε, for 0 ≤ j < n

}
.

We also say that µ is a Gibbs measure for (f, ϕ) if for some constants P ∈ R and
δ > 0 the following holds: for all ε ≤ δ there exists K = K(ε) > 0 so that for µ-almost
every x ∈ S1 we have

K−1 ≤ µ(Bn(x, ε))

exp(Snϕ(y)− nP )
≤ K, (3.3)

for all y ∈ Bn(x, ε) and all k ≥ 1.

Remark 3.1. The equation in (3.3) in the language of probability theory means µ(Bn(x, ε)) ≈
eSnϕ(x). See equation (3.1) above.

4 Proof Theorem 2.1

In this section, we prove Theorem 2.1. To do this, we will use the following standard
results on expanding maps, which can be found in [11, 12].

Lemma 4.1 (Distortion lemma). Let f be an C1+α expanding endomorphism of S1.
There is a constant c > 0 such that if I ⊂ S1 is an interval and fn is injective on I
then

c−1 <
|Dfn(y)|
|Dfn(z)|

< c for any y, z ∈ I.

Proposition 4.1. Let f : S1 → S1 be an C1 expanding endomorphism. There exists
ρ > 0 such that, for any pre-image x of any point y ∈ S1, there exists a map f−1

y :
B(y, ρ) → S1 of class C1 such that fn ◦ f−n

y = id and f−n
y (y) = x and
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d(f−n
y (w), f−n

y (z)) ≤ σ−nd(fn(w), fn(z)),

for each w, z ∈ B(y, ρ) and for n ≥ 1.

The following lemma provides us with a relationship between the dynamic ball
Bn(x, ε) and the ball B(x, ε), exploiting the property of the map f being conformal.
Let ρ be the constant of Proposition 4.1.

Lemma 4.2. In µ-a.e., there exists a noncrescent sequence (κn)n≥1 = (κn(x))n≥1 such
that for each 0 < ε < ρ, we can choose nε = n(ε) ≥ 1 satisfying B(x, κnε+1ε) ⊆
B(x, ε) ⊆ B(x, κnεε). Moreover, Bnε+1(x, ε) ⊆ B(x, ε) ⊆ Bnε(x, ε).

Proof. For each n and x we consider the inverse branch f−n
x defined on ball B(fn(x), ρ)

such that fn(x) is mapped on x.
Let (κn(x))i be the sequence formed by the contraction rate accumulated of x, i.e.,

κn(x) =
∏n

j=1 ∥Df−1(f j(x))∥. Since the rate is uniform, we have κn(x) = κn = σ−n.
For 0 < ε < ρ small enough, choose the longest time nε such that B(x, κnε+1ε) ⊆

B(x, ε). Since f is conformal,

Bnε+1(x, ε) = B(x, κnε+1ε) ⊆ B(x, ε) ⊆ B(x, κnεε) = Bnε(x, ε),

finishing the proof.

Remark 4.1. Note that by the Distortion Lemma 4.1, there exists a constant C > 0
such that C ≤ κnεε ≤ 1. Obviously ε → 0 iff nε → ∞.

Assuming the hypothesis of Theorem 2.1, let µ be the unique state of equilibrium
for (f, ϕ). The Proposition 4.2 below is the key result in the proof of Theorem 2.1.

Proposition 4.2. In µ-a.e. x ∈ S1 and for each t ∈ [0, 1] if

N ′′
ε (t) :=

Snεt
ϕ(x)

√
− log ε

D
=⇒ W (t)

then

Nε(t) :=
log µ(B(x, εt))− tdµ log ε√

− log ε

D
=⇒ W (t),

where W (t) is the Wiener process.
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4.0.1 Proof of Proposition 4.2

For the proof of Proposition 4.2, the idea is to study the convergence of several inter-
mediate processes. First, be the process N ′

ε given by

N ′
ε(t) =

log µ(B(x, κnεt
))− tdµ log ε

√
− log ε

, t ∈ [0, 1].

Lemma 4.3. If N ′
ε(t)

D
=⇒ W (t) then Nε(t)

D
=⇒ W (t).

Proof. Suppose that N ′
ε(t) converges in distribution for a process W (t) . We define the

following process

Pε(t) =
log µ(B(x, κnεt+1))− tdµ log ε√

− log ε
and Qε(t) =

log µ(B(x, κnεt
))− tdµ log ε√

− log ε
.

Note that Pε ≤ Nε ≤ Qε and Pε(t), Qε(t) converge in distribution for the same
process. We claim that the process Rε(t) = Qε(t)−Pε(t) converges to zero in probability.
In fact, in µ-a.e. and t ∈ [0, 1] we have

|Rε(t)| =

∣∣∣∣ log µ(B(x, κnεt+1))− log µ(B(x, κnεt
))

√
− log ε

∣∣∣∣
≤ 1√

− log ε
· C

where C is a positive constant.

Then, for each τ > 0, we have lim
ε→0

P (|Rε(t)| ≥ τ) = 0, that is, Rε(t)
P

=⇒ 0. There-

fore, by the Slutsky theorem, we have Nε(t)
D

=⇒ W (t).

Lemma 4.4. For t ∈ [0, 1], in µ-a.e. x we have

lim
ε→0

nεt(x)

− log εt
=

1

λ
,

where λ = log |Df | is the Lyapunov exponent.

Proof. By Remark 4.1,

C ≤ κnεε ≤ 1 ⇐⇒ 1

nε

logC ≤ log
1

nε

κnε +
1

nε

log ε ≤ 1

nε

log 1

⇐⇒ lim
ε→0

log κnε = lim
ε→0

− log ε.
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By the Birkhoff’s Ergodic Theorem

lim
ε→0

nε(x)

− log ε
= lim

ε→∞

nε(x)

log κnε

= lim
n→∞

(
− log(

∏n
j=1 ∥Df−1(f j(x))∥)

n

)−1

= λ−1.

An interesting fact is that, with the arguments above, we can provide a proof of the
formula for the pointwise dimension, establishing the relation between the Lyapunov
exponent λ and the pointwise dimension dµ.

Lemma 4.5. With the notations before, we have

dµ =

∫
ϕdµ

λ
.

Proof. In µ- a.e. x we have by Lemma 4.4 and Birkhoff’s Ergodic Theorem

dµ = lim
ε→0

log µ(B(x, ε))

− log ε
= lim

εi→0

nε

− log ε

Snεϕ(x)

nε

=
1

λ

∫
ϕdµ.

Now, let us consider the process of Proposition 4.2, that is,

N ′′
ε (t) :=

Snεt
ϕ

√
− log ε

. (4.1)

We have the following relationship between the two processes N ′ and N ′′.

Lemma 4.6. There exists a finite constant K a.e. such that for all t ∈ [0, 1], we have:

sup
t∈[0,1]

|N ′′
ε (t)−N ′

ε(t)| ≤
K√

− log ε

for each ε small enough.

Proof. Using language in probability theory(see remark 3.1), we will prove the following
statement: In µ−a.e. x, we have

log µ(B(x, κnεε))− dµ log ε ≈ Snεϕ(x).

In fact, since B(x, κnεε) = Bnε(x, ε) and µ is a Gibbs measure( µ(Bnε(x, ε)) ≈ eSnεϕ(x)),
we have B(x, κnεε) ≈ eSnεϕ(x). On the other hand, we have
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−dµ log ε ≈ dµ log
nε∏
j=1

∥Df−1(f j(x))∥ ≈
∫
ϕdµ

λ
· λnε = nε

∫
ϕdµ ≈ Snεϕ.

Then, there exists a constantK, such that for t ∈ [0, 1] we have |N ′′
ε (t)−N ′

ε(t)| ≤ K√
− log ε

.

Note that for each τ > 0, we have lim
ε→0

P (|N ′′
ε (t)−N ′

ε(t)| ≥ τ) = 0. Therefore, by

the Slutsky theorem, if N ′′
ε (t)

D
=⇒ W (t) then N ′

ε(t)
D

=⇒ W (t). We now proceed with
the completion of the demonstration of the main proposition.

Conclusion of the proof of Proposition 4.2.

Proof. For ε > 0 sufficiently small, by Lemma 4.3 we have process Nε(t) ≈ N ′
ε(t). And

by Lemma 4.6, N ′′
ε (t) ≈ N ′

ε(t). And this concludes the proof of the proposition.

4.0.2 Invariance Principle

The Invariance Principle states that certain normalized random processes—such as
partial sums of random variables—converge in distribution to a continuous process:
Brownian motion. In other words, it approximates the trajectories of Snϕ by Brownian
motion. Since the observable ϕ is Holder continuous, Snϕ satisfies the Central Limit
Theorem. However, a direct application is not possible because the times nε depend
on the point. From here, the proof closely follows Leplaideur and Saussol [8]. To show
convergence of the process N ′′

ε , we consider the subsequence ε = e−k, that is,

Xk = N ′′
e−k =

Sn
e−k

ϕ
√
k

.

We define the process Yk by

Yk(t) =
1√
k

⌊kt⌋−1∑
j=0

ϕ(f j(x)) +
1√
k
(kt− ⌊kt⌋)ϕ(f ⌊kt⌋).

It is well known that the Weak Invariance Principle is stated as follows. This result
can be found in [9].

Theorem 4.1. The process Yk converges in distribution on C([0, 1],R) for the Brownian
motion W = (W (t))t∈[0,1].
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Remark 4.2. If nε is independent of the process Yk, the conclusion of Theorem 2.1
follows immediately.

Conclusion of the proof of Theorem 2.1. We fix a > 1
λ
. We define the process Zk ∈

C([0, a],R) defined by Zk(t) = Yk |[0,a] and Φk on C([0, 1], [0, a]) given by

Φk(t) =

{
νk(t)
k

, se νk(t)
k

≤ a
1
λ
, otherwise,

where νk(t) are continuous functions ne−kt obtained from a polynomial interpolation in
discontinued points. Then

Xk(t) = Zk ◦ Φk(t)−O(
1√
k
).

Following the arguments of Billingsley([1], p.152), we prove that Xk(t)
D

=⇒ W . By
Lemma 4.4,

nεt(x, y)

− log εt
ε→ 0−−→ t

λ
then

nεt(x, y)

− log εt
P−→ t

λ
.

As a consequence, the map Φk converges almost surely to the uniform convergence norm
for the map Φ(t) = t

λ
. And finally, for the conclusion of the proof, we have the lemma.

Lemma 4.7. Xk
D

=⇒ X = W ◦ Φ.

Proof. As Zk
D

=⇒ W and Φk
P−→ Φ then (Zk,Φk)

D
=⇒ (,Φ). By the continuity of the

composition of the maps, Zk ◦ Φk converges for B ◦ Φ. Therefore, Xk
D

=⇒ X. Clearly,
X is a Wiener process.
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